CHAPTER -4
PRINCIPLE OF MATHEMATICAL
INDUCTION

Exercise 4.1
Question 1:

Prove the following by using the principle of mathematical induction for all
neh:

30.4]
14343 ¢+ 3 = (_ _)
5

—

Answer 1:

Let the given statement be P(n), i.e.,

(-

2

P(n): 1+ 3+ 32+ ..+ 3" =

For n = 1, we have

=) a1

2 2

P(1):= =1

, Which is true.

(SR

Let P(k) be true for some positive integer k, i.e.,

+3+3" +..+3"" =(3‘ 1)

(1)

-

We shall now prove that P(k + 1) is true.

Consider
1+3+32+ .. 43k 4 3kHD)-1

=(1+3+32+...+ 31 + 3



_ +3 [Using (i)]

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 2:

Prove the following by using the principle of mathematical induction for all
nehl:

; 2
o Al . [ n(n+1))
'+2°+3 +...+n =

-~
& /

Answer 2:

Let the given statement be P(n), i.e.,

P(n): P+2+3+..+n :["(’H"]) '

-

For n = 1, we have

P(1): 13 =1= ["“”’]'="'3T=|-‘:| , which is true.




Let P(k) be true for some positive integer k, i.e.,

5 (1)

. C(k(k+1)Y
P42+ 3 wivk ={ ( )J

We shall now prove that P(k + 1) is true.
Consider

13423433+ . +Kk3+ (k+1)3
=(13+23+33+ .. +K3)+(k+ 1)

=[M]:+(k+l)‘ [ Using (i) ]

K (k+1)
- 4
BE(k+1) +4(k+1)
N a
(A1) R (k1))
4
- (k+1) [&* + 4k +4)
4
(k1) (k+2)
B 4
(k1) (k+141)
4

:[(k+l)(k+l+l)J

+(k+|):

-~

Thus, P(k + 1) is true whenever P(k) is true.



Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 3:

Prove the following by using the principle of mathematical induction for all
nehN:

l l | 2n
I+ + T -=
(142) (142+3) (14243+..01) (n+l)

Answer 3:

Let the given statement be P(n), i.e.,

| | | 2n
P(n): 1+——+ =F it =
[+2 1+2+3 [+2+3+.1 n+l

For n = 1, we have

2.1
P(1): 1= =

1 =1, which is true.

o |t

Let P(k) be true for some positive integer k, i.e.,

l 1 I 2k

4 ——...4 b ot = (1)
|+2+3+...+k k+]

1+2 1+2+3



We shall now prove that P(k + 1) is true.

Consider

. B : i l .
[+2 1+2+43 1+2+3+ 4k 14243+ +k+(k+1)
| ) |

L o |+
v 1+2 1+243 1+243+..k) 1+243+ +k+(k+1)

2k 1 .
i .+ [Using (1)]
k+1 14243+ +k+(k+1)

2k | n(n+1)
= 4+ - 1+24+3+..+n= ‘
k+1 ((/\-+l)(k+l+l)‘ 2

2

2% >
Tk 1) (k1) (k+2)

-

2 1)
k + J

(k+1)\ " k+2
2 k> +2k+1

C(k+1) k+2

2 (k + 1)?
=(k+1)[ k+ 2
C2(k+1)
 (k+2)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 4:

Prove the following by using the principle of mathematical induction for all
neN:

n(n+|)(n+2)(,,+3)
1.2.3+234+ ..+nn+1)(n+2)= el

4

Answer 4:

Let the given statement be P(n), i.e.,

n(n+1)(n+2)(n+3)

P(n): 1.2.3+234+ ..+nln+1)(n+2)= 5

For n = 1, we have

1(1+1)(1+2)(1+3) _12.3.4

P(1): 1.2.3 =6 = ; -

=6 , which is true.

Let P(k) be true for some positive integer k, i.e.,

(h+1)(h+2)(k+3
1.2.3 4234+ .+ k(k + 1) (k + 2) =HLﬂQ}ﬂLJ, (i)
We shall now prove that P(k + 1) is true.

Consider

1.2.3+234+ .. +klk+1)(k+2)+(k+1)(k+2)(k+3)

={1.23+234+ .. +k(k+1)(k+2)}+ (k+1)(k+2)(k+3)



- k(k+1)(k+2)(k+3)
- 4

+(k+1)(k+2)(k+3) [USing(i)]

=(A—+I)(k+2)(k+3)[§+lJ

_(k+1)(k+2)(k+3)(k+4)

:("\'"")(“ljl)(k+|+2)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 5:

Prove the following by using the principle of mathematical induction for all
nehl:

4

- - -3 n (2n—lb)3”-' +3
13423433 +...+n3" =

4

Answer 5:

Let the given statement be P(n), i.e.,

3 a 2n-1)3""+3
P(n) : l.3+2.3‘+~3.3'-+...'|»/13”=(' )4

For n = 1, we have

P(1): 1.3 = 3 _(2.1—1)3"'+3_33+3_I2_, hich is t
(1): 1.3 = B 4 —4-—4—3,WIC is true.

Let P(k) be true for some positive integer k, i.e.,



] o 2k —1)3"" 43 .
134237433 4 ekt = 2613 . (i)
4

We shall now prove that P(k + 1) is true.
Consider

1.3+ 2.32+3.33 + ... + k.3k+ (k + 1).3k+1
=(1.3+2.32+3.33+ ..+ k.3 + (k+ 1).3k+1

2k_] 34~| 3 ) Lae

o )4 T2 (k)3 [Using ()]
_(2k=1)3"" + 344 (k+1)3"

= 4

32k —1+4(k+1)}+3

4
_ 332k +1}+3
4
_ 32k +11+3
4
{2(k+1)—1}3""" +3

4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers i.e., N.



Question 6:

Prove the following by using the principle of mathematical induction for all
nehN:

#1)(n+2
l.2+2.3+3,4+...+n.(n+I)r[n(” l(”' )}

Answer 6:

Let the given statement be P(n), i.e.,

n(n*l)(n-c-Z):|

3

P(n): l.2+3.3+3.4+...+n.(n+l):{

For n = 1, we have

=8 2 ;
P(1): l..’.=2=l(I IA)(H'):I'i":: , which is true.

3

Let P(k) be true for some positive integer k, i.e.,

k(k+1)(k+2
1.2423+3.4+..... +A'.(A'+I)=[( 3( )} s A1)

We shall now prove that P(k + 1) is true.
Consider

12+23+34+ .. +k(k+1)+ (k+1).(k+2)

=[1.2+23+3.4+ .. +k(k+ 1]+ k+ 1).(k +2)



:k(k+l)(k+2)

J

+(k+1)(k+2) [Using (i)]

i

=(k~’-l)(k+2)|(§+lj
I )

(k1) (k+2)(k +3)

-

b

=(k+l)(k;l+l)(k+l+2)

]

3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 7:

Prove the following by using the principle of mathematical induction for all
nehl:

; nl(4n’ +6n— Ib)

(Y]

+3.5+5.7+...+(2n—l)(2n+I')= -
5

Answer 7:

Let the given statement be P(n), i.e.,

n(4n’ +6n-1)

-
5

P(n): 1.3+35+5.7+..+(2n-1)(2n+1)=



For n = 1, we have

~ I(4.I‘+6.I—l)_4+6_1_9

P(1):1.3=3
(1):13 3 3 3

-3 , which is true.

Let P(k) be true for some positive integer k, i.e.,

k(4k° +6k —1)

1.34+3545. 74+ (2k = 1)(2k +1)=— A1)

-
J

We shall now prove that P(k + 1) is true.

Consider

(1.3+3.5+57+ ...+ (k-1) 2k + 1) + {2(k + 1) - 1}{2(k + 1) +
1}

11



k(4K +6k—-1)

- +(2k+2-1)(2k+2+1) [Using ()]
k(447 +6k—1) | A
= - ~4+ (24 +1)(2k +3)

k(K7 +6k-1)

+( 4k + 8k +3)

k(4% + 6k —1)+3(4k" + 8k +3)
- 3
A6k — k1257 + 24k +9
R 3
AR+ 18K +23k+9
- 3
AR+ 9k + 4k + 14k +9
- 3
k(4K% + 14k +9)+ (45" +14£+9)
3
(A+1)(45" +144 +9)
3

(k+1){4k" + 8k +4+ 6k +6-1}

-

(k+1)}4(k* +2k +1)+6(k+1)-1
- 3
(k+1){4(k+1)" +6(k+1)-1]
B 3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 8:

Prove the following by using the principle of mathematical induction for all
neN: 1.2 +

222+ 322+ ...+n2"=(n-1)2"1 + 2

Answer 8:

Let the given statement be P(n), i.e.,

P(n): 1.2 +2.22+3.22+ ... +n.2"=(n-1)2"1 + 2

For n = 1, we have

P(1):1.2=2=(1-1)21"*1 4+ 2 =0+ 2 = 2, which is true.
Let P(k) be true for some positive integer k, i.e.,

1.2 +222+3.22+ ..+ k2k=(k-1)2k*1 4+ 2 .. (i)

We shall now prove that P(k + 1) is true.

Consider

—
-—

24227432 4+ k2 - (k+1)- 2"
=(k—1)2""+2+(k+1)2""

2k —1)+(k+1)} +2
=22k +2

:A'.Z(:’”‘I +2

={{k+1)—-132"""" 42

Thus, P(k + 1) is true whenever P(k) is true.

13



Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 9:

Prove the following by using the principle of mathematical induction for all
nehN:

Answer 9:

Let the given statement be P(n), i.e.,

I ],'__J,,l__.l,l

]
P(n): 5 t 1 + g 5 >

For n = 1, we have

|
— l —_ _| _l
2 2" 2

.-

P(1): , Which is true.

Let P(k) be true for some positive integer k, i.e.,

+-—+....+—.,=l~*. (1)

We shall now prove that P(k + 1) is true.
Consider

14



[('l 1 1 |
e e T $— |f—
\ 2 4 8 2AJ 2"”
.
| : :
=| 1—%}-:- — [Using (i)]
\ e s
| 1
=]-—+ :
2: 22
| | IR
=1-3{1-3)
A (D
Zr U

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 10:

Prove the following by using the principle of mathematical induction for all
nehN:

] | | | 1

- =

+ + i,
25 58 8.11 (3n-1)(3n+2) (6n+4)

Answer 10:

Let the given statement be P(n), i.e.,

R S (I (S | on
25 58 811 7 (Bn-1)(3n+2) (6n+4)

For n = 1, we have



1 1 1 |
l’(')'—“—.:m: 61+4 10 +Whichis true.

Let P(k) be true for some positive integer k, i.e.,

g lop o o ! _. *
25 58 811 7 (3k-1)(3k+2) 6k+4

e (1)

We shall now prove that P(k + 1) is true.

Consider
| | | | |

+ + - T IPELL + +
25 58 8.1 (3k-1)(3k+2) {3(k+1)—1}{3(k+1)+2}

k | | |

— : l[. )

6k+4+(3k+3_|)(3k+3+2) [Using (i)]
k [

T6k+4 (3k+2)(3k+9)
i
+
(3k+2) (3k+2)(3k+5)

(5]

L (% 1 )
(Gk+2)\ 2 3k+5,
1 k(3k+5)+2)
T (3k+2)| 2(3k+3) J

0 (3K Sk+2
C(3k+2)| 2(3k+5)

1 (3k+2)(k+1))
(3k+2) 2(3/.-+5)J
_(k+l)

T 6k+10

B (k+1)

S 6(k+1)+4




Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Mathematics

(Chapter —4) (Principle of Mathematical Induction))
(Class - XI)

Exercise 4.1

Question 11:

Prove the following by using the principle of mathematical induction for all
neh:

| | - n(n+3)
e n(n+1)(n+2) 4(n+1)(n+2)

[ | -
(]
ra
I |
BN
-4
i -
» )

Answer 11:
Let the given statement be P(n), i.e.,

| | » n(n+3)
+ . n(n+1)(n+2) 4(n+1)(n+2)

P(n):

wa
ra
L) |
E S
s
— ] —
=l

For n = 1, we have

: 3 S
P(1): L e U.+_ ) .=, PSS, , Which is true.
1-2-3 4(1+1)(1+2) 4.2.3 1-2.3

Let P(k) be true for some positive integer k, i.e.,

I I l k(k+3)

-3 3'3'4+3-4'5+'”+k(/\'+l)(k+2):4(Vk+|)(/f+2) e )

We shall now prove that P(k + 1) is true.

Consider



| | | | !
{l-z-f 234 3435 +A—(A—+|)(k+z)}(ku)(mz)(k +3)

= k(k+3) + _ [ Using (i)]
A(k+1)(k+2)  (k+1)(k+2)(k+3)
I [K(k+3) 1 |

k1) (k+2)| 4 k+3]

i {k(k+3):+4[

Tk (k+2) | a(k+3) |

B I [k (K +6k+9)+4|

Sk (k+2) | a(k=3)

~ l [k +6k> +9k +4]

(k) (k+2) | 4(k+3) |

- I I+ 2k% +k+4k> + 8k +4
_(k+l)(k+2){ 4(k+3) f
B I k(&2 £ 2k +1)+4(k* £ 2k +1) |
C(k+1)(k+2) | 4(k+3) |

- 1 k(k+1) +4(k+1)

_(k+l)(k+2){ 4(k+3) }
(k+1)" (k+4)

TA(k+1)(k+2)(k+3)
(k+1){(k+1)+3}

T af(k+ D)+ 1} {(k+1)+2])

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 12:

Prove the following by using the principle of mathematical induction for all
nehl:

, a(r”— I)
a+ar+ar- +..+ar" =— :
r—

Answer 12:
Let the given statement be P(n), i.e.,

) : (l(r" - I)
P(n):a+ar+ar” +..+ar" =— —
r—

For n = 1, we have

u(r'—l)

W =a , which is true.

P(l):(II

Let P(k) be true for some positive integer k, i.e.,

A )

: - alr'-1) ‘

a+ar+ar +........ +ar’  =— l v (1)
r—

We shall now prove that P(k + 1) is true.

Consider



{a +ar 4+ ars + ... +ar' § tar
u(t" -1) . s g
:—l'+cu" [Usmg(l)]
S ; :
a(r* =1)+ar* (r-1)
- r—1

. A=l i
a(r —l)+m" —ar

r—I1
_art —a+ar —ar'
a r—I1
- ar'”' —a
T o=
u(l" - l)

r—1

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 13:

Prove the following by using the principle of mathematical induction for all
nehN:

n-

lfl+%\[.l+ij[l+gj]...{‘l+w}:(n+l):

Answer 13:
Let the given statement be P(n), i.e.,



e (12 12 )12 1+ 22y

For n = 1, we have

3 2 A AL
P(l):(l +T)= 4=(1+1) =2 =4, which is true.
Let P(k) be true for some positive integer k, i.e.,

(1+‘%’J[|+§J(l+%J...[|+(2/L—f'))=(k+r)" (1)

We shall now prove that P(k + 1) is true.

Consider
(131 7)1 @50, 2 1) |
[(HI](I 4][”9)...[1 = ﬂll oy ,_]
] 1y 20 )1 B
=(k+1)7[1 i } [ Using(1) |
=(k+l);F(k+|)3.+2(k\+l)+l:|
(A+1)

=(hk+1) +2(k+1)+1
={(k+1)+ I'}J

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 14:

Prove the following by using the principle of mathematical induction for all
neN:

[ %J %\'I...("'I+-|—(17+I)

I
I J A\ )

J

Answer 14:
Let the given statement be P(n), i.e.,

P(n):| |+1EHI|+l\]|'/1+l\|...[/ 141 )= (1)
\ I 2/ 3/,\ mnm)

For n = 1, we have

2=(1+1) , which is true.

.--I_.
\_/

P(1):( 1+
Let P(k) be true for some positive integer k, i.e.,

P(k):(l«r%\(lﬁté]( l][ ALJ:(A'H_) - (1)

J N -

We shall now prove that P(k + 1) is true.

Consider



()3 L))

o  7|, J [l'sing (I)-|

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 15:

Prove the following by using the principle of mathematical induction for all
neN:

& % : s n(2n=1)(2n+1
I +3° +5 +..+(2n-1) = ] )

-~

Answer 15:
Let the given statement be P(n), i.e.,



n(2n—1)(2n+1)

P(n)=1F+3+5+..+(2n-1) = 3

For n=1. we have
- l(2.l-l)(2.l+l) 1.1.3

P(l)=1i=] — = — . which is true.

3 3

Let P(k) be true for some positive integer k, i.e.,

S : k(2k-1)(2k+1
P(k)=1"+3+5 +..+(2k-1) = ( l( +_)

We shall now prove that P(k + 1) is true.
Consider

P35k (2 -|)2}+{2(/\-+|)-1}’

k(2k-1)

- 3

k(2k=1)(2k +1)

a 3

_ k(2k—1)(2k+1)+3(2k+1)°
3

2k 1) [k(2k 1)+ 3(2k +1)]

B 3

) (2k+1){24" —k + 6k +3}

-
R

2k y
(2k+1), 2k 421

+(2k+1)

(1)

[ Using (1)]



_ (2k +1){24k% + 5k + 3}

3
) (2k +1){2&* + 2k + 3k + 3|
' 3
2k 1) {2k (k+1)+3(k+1)}

3
(2k+1)(k+1)(24 +3)

3

(D 2(k 1) -1 {2(k +1)+ 1

-
D>

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 16:

Prove the following by using the principle of mathematical induction for all
nehl:

| | | | n

— =

14 47 710 " (Bn=2)(3n+1) (3n+1)

Answer 16:
Let the given statement be P(n), i.e.,



I I | I

P(n)

For n=1. we have

I | I I fes i
= =—=——_ which is true.
1.4 3.1+1 4 14

P(1)=

Let P(k) be true for some positive integer k, i.e.,

I I k

. + y A o . =
14 47 710 7 (n-2)(3n+1) (3n+1)

Plh)=—+—4+—+..4 =
() 14 47 710 (3k=2)(3k+1) 3k+1

We shall now prove that P(k + 1) is true.

Consider

()



JL —l- : +oot ~ I l>+'|_~ ll. L
(1.4 47 7.10 (3k=2)(3k+1)| {3(k+1)-2}{3(k+1)+1]
k I . ;

Usi I
T 3k +1 (3k+|)(3k+4) L sing ( )J
_ n 1|

TGk | (GE+a)
_ JA(~A+4)+I}
(Bk+1)| (3k+4)

1 367 +ak+1]
TGk Gk+4) |

I [36+3k+k+1]
TGk | (Gk+4) |
3k 1)(k+1)
(3 + 1) (34 + 4)
__(k+1)
3(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 17:

Prove the following by using the principle of mathematical induction for all
nekl:

RGN B ! -
57 79 (2n+1)(2n+3) 3(2n+3)

L
N

Answer 17:

Let the given statement be P(n), i.e.,

N I I "

. e =
35 57 79 (2n+1)(2n+3) 3(2n+3)

, Which is true.

Let P(k) be true for some positive integer k, i.e.,

I [ I I k
P(k):- -+ —+...+- = - g
() 35 57 79 (25 +1)(2k+3)  3(2k+3) (1

We shall now prove that P(k + 1) is true. Consider



- l_ + - l_+, l + > +A-.,._ - l.i - —_— + —— . ! — — ~
35 57 79 (26 +1)(2k+3) | {2(k+1)+1}{2(k+1)+3)
k 1 :
= Using (!
3(2k+3)  (2k+3)(2k+5) [Using (1)]

= B ik, ]
C(2k+3)[ 3 (2k+5)

| [k(2k+5)+3
(2k+3)| 3(2k+5)
1 [2k*+5k+3
" (2k+3)| 3(2k+3)

| 247 +2k+3k+3
(2k+3)|  3(2k+5)
1 [2k(k+1)+3(k+1)
C(2k+3)|  3(2k+5)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 18:

Prove the following by using the principle of mathematical induction for all
nehN:

1 {2
142434, +n<—(2n+1)
g |

Answer 18:

Let the given statement be P(n), i.e.,
. PR 2
P(r): 14243+, .+n<—(2n+l)
' 8

It can be noted that P(n) is true for n = 1 since

1 2 9
l<—(2.141) =-
8( ) 8

Let P(k) be true for some positive integer k, i.e.,

l+2+...+/c<.l(2k+~l)3 (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

14



~

(14244 k) +(k + ll)ﬁ-;(g/\- #1) +(k+1) [l_:sing(l)]
<éh2k+n'+MA+|n

<]{4k3+4k+|+8k+8}
8 \

l bl
< 14K +12k +9]
8 \

1

<—(2k+3Y
8( )

I 2
<8{3(A+|y+ﬂ

Hence, (l+2+3~...+k)+(k+l)<_%(2k+l):+(k+l)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 19:
Prove the following by using the principle of mathematical induction for all

neNn:
n(n+ 1) (n+5)is a multiple of 3.

Answer 19:

Let the given statement be P(n), i.e.,

P(n): n(n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) istrueforn=1sincel (1 +1)(1+5) =12,

which is a multiple of 3.

15



Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k + 5) is a multiple of 3.

~k(k+1)(k+5)=3m, wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(k+D){(k+1)+1H{(5+1)+5]
=(k+1)(k+2)§(k+5)+1}
=(k+1)(K+2)(k+5)+(k+1)(k+2)

= {h(k+1)(k+5)+2(k+1)(k+5)f+(k+1)(k+2)
=3m+(k+1){2(k+5) +(k+2)]

=3m+(k+1){2k +10+k+2}
Im+(k+1)(3k +12)

=3m+3(k+1)(k+4)

=34m+(k+1)(k+4)} =3x%q. where ¢ = {m+(k+1)(k+4)} is some natural number

Therefore, (& +1 ){(.k +1)+ l}{(k +1)+ 5} is a multiple of 3,
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 20:

Prove the following by using the principle of mathematical induction for all
n e N:

1027-1 + 1 is divisible by 11.

Answer 20:

Let the given statement be P(n), i.e.,

P(n): 102"-1 + 1 is divisible by 11.

It can be observed that P(n) is true forn =1

since P(1) = 1021-1+ 1 = 11, which is divisible by 11.

Let P(k) be true for some positive integer k,

i.e., 102k-1 4+ 1 is divisible by 11.

~10%-14+1 =11m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



1079 41

=102V

=10 +1

=107 (107" +1-1)+1

=10° (1077 +1)=10" +1

=10%11m—100+]1 [ Using (1)]
=100x11m~99

=11{(100m—9)

=11r, where r =(100m—9) is some natural number

Therefore, 10" 41 is divisible by 11.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Mathematics

(Chapter — 4) (Principle of Mathematical Induction))
(Class - XI)

Exercise 4.1
Question 21:

Prove the following by using the principle of mathematical induction for all

neN:

x?" — y2n is divisible by x + y.
Answer 21:
Let the given statement be P(n), i.e.,

P(n): x?" - y?7 is divisible by x + y.

It can be observed that P(n) is true forn = 1.

This is so because x2*1 — y2x1 = x2 - y2 = (x + y) (x - y) is divisible by
(x + y).

Let P(k) be true for some positive integer k, i.e.,
x2k - y2k is divisible by x + y.
~Let X2k — y2k = m (x + y), where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



2 .:'_”('\.+.‘.)+‘1,:: ‘:__.',_n' ._\-? [l_lsing (I):|

i

=m(x+y)x’+y" "=y
=m(x+y)x* + 3™ (27 -7)
=m(x+y)x’+ 3" (x+ ) (x-»)

=(x+ _1'):/12.\': + (.\'—_1'): . which is a factor of (x+ ).
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 22:
Prove the following by using the principle of mathematical induction for all

neN:32"+2-8n -9 is divisible by 8.

Answer 22:
Let the given statement be P(n), i.e.,
P(n): 32" +2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn =1



since 32*1+2 -8 x 1 - 9 = 64, which is divisible by 8.

Let P(k) be true for some positive integer
k,i.e., 32k+2 - 8k - 9 is divisible by 8.
~3%k+2_-8k-9=8m; wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

3T _8(k+1)-9

Al >

(37 -8k —9+8k+9)—8k—17

(37T -8k —9)+37 (85 +9)-8k—17
=98m+9(8k+9)—-8k—17
=98m+T72k+81-8k—17

=9.8m+ 64k +64

=8(9m +8k +8)

= 8r. where r = (9m + 8k + 8) is a natural number

Therefore. 3™ —8(k +1)—9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.



Question 23:
Prove the following by using the principle of mathematical induction for all

neN:

41" - 14" is a multiple of 27.

Answer 23:

Let the given statement be P(n), i.e.,

P(n):41" — 14"is a multiple of 27.

It can be observed that P(n) is true forn =1

since 41' -14' =27 , which is a multiple of 27.

Let P(k) be true for some positive integer k, i.e.,

41k - 14k is a multiple of 27

241Kk — 14k = 27m, where m e N ....coooevieeeeee e (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



418 — 144

=41"-41-14"-14

=41(41" —14" +14" )—14" .14

=41(41" —14" )+ 41.14" —14" .14

=41.27m+14" (41-14)

=41.27m+27.14"

:27(4|m—-l4*)

=27 xr, where r =(-Hm —14" ) is a natural number

~ .| A . . ~
Iherefore. 417" —14""" is a multiple of 27,

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 24:

Prove the following by using the principle of mathematical induction for all
neN:

(2n +7) < (n + 3)2

Answer 24:

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)2

It can be observed that P(n) is true forn =1
since 2.1 + 7 =9 < (1 + 3)? = 16, which is true.

Let P(k) be true for some positive integer k, i.e.,



2k +7) < (k+ 3)2..(1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

12(k+1)+7)=(2k+7)+2

2 A2(k+1)47) = (2k+7)+2 < (k+3) 42 [using (1)]
2(k+1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k' +6k+11<k’ +8k+16

n2(k+1)+7 <(k+4)

2(k+1)+7 <f(k+1)+3}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.
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