CHAPTER - 13
LIMITS & DERIVATIVES

Exercise 13.1

Question 1:
Evaluate the Given  limx+3 |imit:

Answer 1:
limx+3=3+3=6

=3

Question 2:
Evaluate the Given limit: lim[x—%)

X7

Answer 2:

22 22
Iim[x ———]=(n——]
x> 7 7

Question 3: )
Evaluate the Given limit; limms~

r—sl
Answer 3:

limar® =x (1) =n

r—sl

Question 4: 2 %
Evaluate the Given limit: lin} - 7
e x—=2
Answer 4:
lim 4x+3_4(4)+3_|6+3_!2
t»d _\-_2 = 4_2 = 2 == 2
Question 5: L
Evaluate the Given limit;  fjm >+~ *!
sl x—]
Answer 5:

10 3 " T .
oo+l (1) D) 4L 11+l 1
res—]| "-_l _1_| = 2

-




Question 6:

Evaluate the Given limit: lim('Hl)— =)
rosl) X
Answer 6:
x+1) =1
T G
rosl) X

Putx+1l=ysothaty - 1asx— 0.

3 r
; ¢ AxEl =1 . =1
Accordingly. lim ( ) =lim =~
X

) sl v__l
e
=lim=
p-el -‘y_l
mseay 7 xu_au o
=51 lim =na""
e X—q
=5
o (x+35) -1
.'.hmiaw
y—al) -"
Question 7: _ o Cadosl10
Evaluate the Given limit: {19373—
Answer 7:

At x = 2, the value of the given rational function takes the form.
it x=2)(3x+5
s i g (2~ 2) D)
=2 x4 =2 (x=2)(x+2)
. 3x+5
=lim
a1 _);.{..2
B 3(2)+5
242
Il

4




Question 8:
Evaluate the Given limit: lim

Answer 8:

At x = 2, the value of the given rational function takes the form.

¥ -8 (x=3)(x+3)(x" +9)
sim—— = lim
s3Iy = S5x =3 a3 (x-3)(2x+1)
x+3)(x* +9
o () +9)
N3 2x+1
(3+3)(3*+9)
S 2(3)+!
_6x18
7
_108
7
Question 9:
Evaluate the Given limit:  fjm @ *t?
v0.cx+1
Answer 9:

lim ax+bh _a(0)+b

= =b
=0ex+l  e(0)+1

Question 10: 3
Evaluate the Given limit:  lim=
-l

'.
A |

Answer 10:
A

-

At z = 1, the value of the given function takes the form.

J
Put z*=x sothatz —-1asx—1.

0

0




-i_] 2
: o b . x =1
Accordingly, Im} , =Im} I
e Y ha |- .\-._
A |
Lo |
=lim
=y =]
s . x"=da" 3
=2 I lim ——— = pg""
v X —(
=2
!
.z =1
Jdim——=2
==l -T\_l
Question 11:

Evaluate the Given limit; jm &_T0x+¢

= Jat+b+e#0
ol ey +by+a

Answer 11:
m#a3+bx+c_a(nl+bﬂ)+c
el ex' 4 bhx+u ¢'(|)2+h(l)+u

_at+b+e
a+b+c
=] [u+b+c¢0]
Question 12: l+1
Evaluate the Given limit:  lim £—2
w2 x4+ 2
Answer 12:
1 1
— + A
lim 2

-2 x4 2




At x = =2, the value of the given function takes the form. 0
0

|1 2+x
TS 2x

Now, lim *—= = |lim
2 X422 x42

= lim —
22
B | k -1
2(—2) 4
Question 13: it
Evaluate the Given limit: ~ lim e
Answer 13:
. Sinax
[im
yoaf) bx

At X = 0, the value of the given function takes the form 6

ax .. sinax ax
= lim 7

. sin
Now. lim
Yoepl) bx x-ol) (L‘- [)x

. (sinax) (a
=lim x| —
=0\ ax b

=ﬂ|im[s'"“‘") [x 0= ax - 0]
B i ax
= ﬂ %1 |:hm m = ]

b 1otk .v

a




Question 14:

Evaluate the Given limit; lim
0 ginbx |

Sin ax
ca, hz0

Answer 14:

sin ax
[im ca, hz0
0 gin b

At X = 0, the value of the given function takes the form 6

smu\\J
< xa.
Now, “ms?nax =lim
=0ginbhy smb\]
bx
fim (s nax
_ a (L\—-)“\ {ax .\‘-—)O:>a.\’—-)()
Ry I ( ) andxy ->0=bx->0
im
by o(:\ b'\
_[a xl lim sin y -1
b/ | o0 ¥
_a
h
Question 15: sin(n—x)

Evaluate the Given limit;  lim
x—>n 't(n X)

Answer 16:
hmsm(n—x)
= (n-x)

Itisseenthatx > T=(mM—-x)—0




Question 16:
Evaluate the given limit:

Answer 16:

. cosx cosO 1
lim——=——=—
-y -0 =n

Question 17:

Evaluate the Given limit:

Answer 17:

. cos2x~1
[im ——
w0 cosx—|

At x = 0, the value of the given function takes the form.

Now,

Cosx

lim
yoof) n—Xx

cos2x~1
m—
w20 cosx—1

S|




. cos2x—1 . 1-2sin" x-1 =
llm—|=hm—\ cosx=1-2sin 5
veall - yopd) 2t ,
v 1-2sin* = -1 4
2
(sin“‘.\' s
_ 9 -1 XX
_sin” ) v
=lim = lim <
=) . 4l 1Tl
sin” 1550
5 sin” - 2
- |
___;‘:L x__
\) 4
.
=)
_ (sin®x
lim =
venll -"‘
=4 \
(‘
T
sin”
) 3
lm| —=
3l (".J
3
\ A=
_osinx Y
hm——
a-sl '\' _\'
=4 . [.\'—)0::—-)0}
2 )
X 2
sin -
: 2
lim——=
-:—90 .'}__
i 2
: . siny
=4— [llm - =l]
ot 1 =) ‘v

Question 18:
Evaluate the Given limit:

lim

veul)

ax+ xcosx

bsinx




Answer 18:

., ax+4+XxXcosxy
e —
v0 hsinx
At x = 0, the value of the given function takes the form. (9
)

Now,

ax+xcosxy | Iimx(a+cos.\')

lim - = :
=0 bsinx bi=v sinx
1 x :
=-—l|m[_ )th(u+cosx)
b —e\sinx /) 0
| | g
=—x————xlim(a+cosx)
h ( smx) =0
lim——
v+ X
| . sinx
=—x(a+cos0) lim—=1
b v -0 X
_u+l
h
Question 19:
Evaluate the Given limit: ling xsecx
Answer 19:
. . “- 0 0
limxsecx=lim——=—-—===()

vl 0cosy  cosl) |




Question 20:
Evaluate the Given limit: lim

veul)

Answer 20:

At x = 0, the value of the given function takes the form.

Now,

_ sinax+bx
lim—F
vl gy +sin by

sin ax
( ] ax + bx
ax

sin by )
bx

=lim
=34

ax + bx(

(lim = a"-)xlim(m)ﬁr lim bx

ay=ll gy a—l =3l

sinax + bx

ax—+sinbx

; . . sinbx
[imax 4+ lim bx( lim ]

=0 =l hr—0 b'\‘

lim (ax)+ lim bx

— Al Ll

limax + lim bx

=l =l

lim ( ax + bx)

— X=#l!

~lim(ax+ bx)

y=+l)

=lim(1)

it

=]

bhoa+h=0

[Asx— 0= ax—0and bx — 0]

']

. sinx
lim——=
Tl X




Question 21:
Evaluate the Given limit:  lim(cosec x—cot x)

r—l

Answer 21:

At x = 0, the value of the given function takes the form. 90 —o0
Now,
lim (cosec x - cot x)

s

2 " V] cos x
=lim| ————
0l sinxy  sinx

5 | —cosx
=lim| ————
0l sinx

. l=cosx . osinx
[Ilm——-———- =0and Iim =1
x—als x v—3l) '\-




Question 22:

. tan2x
hm——
.\—"} X - n
2
Answer 22:
. tan2x
In
aox—
1 0
X =— -
At - , the value of the given function takes the form 0
T T
X——== X—=¥—, y=3>%)
Now. put - so that -
bid
tan2| v +—
. tan2x . 2
o lim =lim
P et . L s y
1 X—— v
2
. tan(m+ 2y
= IIIIIQ
v =it A%
. tan2y
= lim - [tan(m+2y) = tan 2_\]
voald \ | 5

. { sin2y 2
= lim X
v=ol 2y cos2y

33 . IR
=( fim 210 2y x lim| — [y—=>0=2y—>0]
20 Dy y=0{ cos2y
2 sinx

=1x lim =]

cosl L*"' X ]

2
=]x—

1




Question 23:
2x 43,
3(x+1),

Find l o B 0 e 0 = [

Answer 23:

2x 43, r=0

The given function is f(x) = {3(H|) >0

lim 7 (x) = lim[2x+3]=2(0)+3=3
lim f(x)= iii_r’xs3(.\'+l) =3(0+1)=3
i ()= lim £ (x) =iy /()3
!i_li\f(x)=ljm3(x+l)=3(l+l)=6
lim 7 (x) = lim3(x+1) =3(1+1) =6

lim f (x) = lim f (x) = lim £ (x) =6

-1 S

Question 24:

: -1, x<1
: lm £ \where f(x) = R
Find w1 1(X), where 1(X) —-,’(3—1_, 51

Answer 24:

The given function is

r<0

x>0




x —Lx=<Il

="

—xT—1, x>1

lim £ (x)=lim[x*-1]=1-1=1-1=0

x—s1"

lim /(x)= !'i'gl\[—x: —I] =—P=l=—l-1=—

x—1"

It is observed that lim f(x)= lim f(x).

Hence, lim /' (x) does not exist.

a—-+l

Question 25:
]
Evaluate lim  f(x), wheref(x)= {° -
‘ 0, x=0
Answer 25:
|'—t" x#0
The given function is f(x) = x
0. x=0
lim () '[ ]
. [=x g J
= l‘lj];!(T) [When x is negaitve, |x|= —.\]
=Hmi(=1)
==
}np f(x)= llm I:—\‘-]
= I‘nﬂ[‘ ] [ When x is positive. |x| = x|
=lim(1)
=1

It is observed that lim f(x)# lim /(x).
R ed L L

Hence, lim f(x) does not exist.
Rl




Question 26:
X

; , x#0
Find M fx), where f(x) = |
' 0, x=0
Answer 26:
The given function is
1-, x#0
-
0 x=0
I = l
T
=lim| — Whenx <0, |x|=—x
‘T?'[-x J [ enx |\| 1]
—lm}’ —1)
= -1
||m f(x)= |Il!1[| l]
X
=lim| = When x > 0, |x{=.
im| * [When x>0, [x|=x]
—Ilm’(l)
=1
Itis observed that lim f(x)+# lim (x).

Hence, lim f(x)does not exist.

¥l




Question 27:

Find lim f(x), where f(X) = |x| -5

Answer 27:
_ o |x|—5
The aiven function is f(x) = :
lim £ (x)=lim[|x|-5]
=lim(x- 5) [When x>0, |x|= .\']
=5-5
=0
fim £ () = lim (|| -5)
= lim(x~5) [ When x>0, |x|=x]
=5-5
=)

“ lim f(x) = lim 7(x)=0
Hence. lim f(x)=0

Y—d




Question 28:

a+bx, ifx<1

Suppose f(x) =14, ifx=0,
b—ax, ifx>1

and lin} f(x) = f(1) what are possible values of a and b?
xX—

Answer 28:

The given function is
a+bhx, x<|

7(x)=14. %=l

b—ax x>1

ln’:] f(x)=lim(a+bx)=a+b
llin‘] f(x)= Iin?(h—at) =h-a
f()=4
Itis given that lim £ (x) = £(1).
sAim f(x)=lim f(x) = lim f(x)=71(1)
ol L Vo
=a+b=4andb-a=4
On solving these two equations, we obtain ¢ =0 and b = 4,

Thus, the respective possible values of a and b are 0 and 4.




Question 29:
Let a1, a2, . . ., an be fixed real numbers and define a function

fX)=(x-a1)(x-az)...x —an) .

What is lim f(x) ? For some a # ai, az... an, compute lim f(x).
x—aq x—a

Answer 29:
The aiven function is/ (,\')=(.\‘-a )(x—a,)...(.\‘—a )

im £ (x) = lim [ (x=a,) (+=a2)..(x~a,)]

[!lT(A a,)}[hm(\-a )] []n,nl(r a, ]
0

=(a,—a)(a—-a,)..(q—-a)=
sAim f(x)=0

=0,

Now, lim f(x)= lim [(.\-— a)(x—a,)..(x—a, )]

[l"}l(“‘h )][Ilm(v a, )}[llm:(\—u" )]
=(a-a)(a-a,)...{a~a,)
sdim f(x)=(a—a ) a—a,)..(a—a,

A

Question 30:
[x+1, x<0
If f(x) = 0, x=0
[x-1. x>0

For what value(s) of a does lim f(x) exists?
X—a

Answer 30:

The given function is




|x|+ I, x<0
S(x)=10. x=0
.lx|— I, x>0

Whena =0,

lim f (x) = lim (|x|+1)
= lim(—x+ 1) [lfx <0, |x|= -.\']
=—0+1
=

fim £ (x) = lim ([x|-1)
=lin3(x—l) [Ifx>0, I.\’|=x]
=0-1
=—|

Here, it is observed that lim /'(x)# lim f(x).

s lim f'(x)does not exist.

y—»l

When a <0,
lim f(x)= lim (]x|+1)

=lim(=x+1) [.\- <a<0= |x|= —x]
=—a+l
lim £ (x)= lim (jx|+1)

=lim(—x+1 [a<x<0:> |.\1=—x]

—

=—a+l
sAim f(x) = lim f(x)=-a+1
Xl 1-sa
Thus, limit of f (x)exists at x = a. where a < 0.

Whena >0




lim f(x)= lim (|]x[-1)

=lim(x—1) [0< x<a:>|x|=x]

=a-1

lim ()= lim (jx-1)
=li_m(x-1) [0( a<.\'=>|x|=x]
=ua-—1

o Aim f(x) = lim f(x)=a-1

Thus. limit of./'(.\')cxists at x = a, where a > 0.

Thus, limf(.x) exists for all @ # 0.

—*a

Question 31: Fix)-2 e
If the function f(x) satisfies, l‘im x o evaluate Llli}f(x)

Answer 31:
'jg}(f(f)%) .
lim(x* —1)

= lim(f(x)-2)=mnlim(x" 1)

:ljm(f(x)—?.):x(l:-l)
= lim(f(x)-2)=0

x|
:»Iin}f(x)—lirr}2=0

. A s
:l"mf(‘\) 2=0

slimf(x)=2

x~»1




Question 32:

mx” +n, x<0
If. f(x)=qnx+m, 0<x<1 Forwhatintegers m and n does
nx’ +m, x>1

: . -
l‘_l_l"]'}f(.x) and I,'.Tf(‘x) exist?

Answer 32: The given function is

mx- + . x<0
S(x)=qnx+m, 0<sx<1
e+ m, x>1

lim ¢ (x)= ]‘qm(mx' +n)
=m(0) +n
=n

.llfnn» f(x)= l\_i_!:lg(ll’t‘-*-l")
=n(0)+m

=m.
Thus, lim f(x) existsif m =n.
x—0

!i_{l'l S(x)= lim (s2x + 1)
=n(l)+m
=m+n

!21'1 f(x)= l‘i_r)l?(n'x3 +m)
=n(1) +m
=m+n

s hm f(x) = lim f(x)=lim f(x).

Thus limf(x) exist for any integral value of m and n.




(Chapter — 13) (Limits and Derivatives)
(Class XI)

Exercise 13.2

Question 1:

Find the derivative of x2 - 2 at x = 10.
Answer 1:

Let f(x) = x> — 2. Accordingly,

£(10+h) - £(10)

J'(10)=lim-

h
[(10+h) -2]-(10°~2)

= lim*

fr-»0 l,

10042108+ -2-10° +2
= lim

sl /’

. 20h+Hk
= im——

Sl h

=lim(20+A)=(20+0)=20

B

Thus, the derivative of x2 - 2 at x = 10 is 20.

Question 2:

Find the derivative of 99x at x = 100.
Answer 2:

Let f(x) = 99x. Accordingly,

£(100) =tim 2L100+4) = 7(100)

h=»d) h
; 99(100+h)—99(100)
=lim :
-0 h
i 99 %100 +994—-99x100
Si—sl) h
. 99
= lim——
fr—sl) h
= Iim(99) =99

freal)

Thus, the derivative of 99x at x = 100 is 99.
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Question 3:

Find the derivative of x at x = 1.

Answer 3: ; ‘
- 14+ k)= (1

Let f(x) = x. Accordingly, £(1) = lim f1+h)-£(1)

[=e h

1+h)-1
=|imu)_
S0 h
=|im£’—

in—mh
=lim(1)

Ji—al)

=1
Thus, the derivative of x at x = 1 is 1.

Question 4:
Find the derivative of the following functions from first principle.

(i) x3 - 27 (i) (x-1) (x - 2)
x+1
o .\
(iii) 7 (iv) v
Answer 4:

(i) Let f(x) = x3 - 27. Accordingly, from the first principle,
f(x+h)-f(x)

f'(x)=lim-

h— I'
[(-\' +h) - 37] -(x"-27)

= lim

) /l

. X+ 43 h3xh - X
= lim

i) h

. R +3x h+ 3xh’
=lim

Ul /7

=lim(/#* +3x" + 3.\'/1)

fi—al) b

=0+3x* +0=3x"
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(ii) Let f({x) = (x - 1) (x - 2). Accordingly, from the first principle,

f(x+h)-f(x)

f'(x)=lim-

ol 1
i (x+h=1)(x+h -/2)-(.\‘— )(x-2)
fr—() h

(_\"" +hx=2x+hx+h’ =2h—x—h+2 ) —(.r\ —2x—x+ 2)

= lim
fr~al) h
 (hx+hx+h'=2h- h)
=lim
Tl h
. 2hx+h*=3h
= lim —————
fral) h
=lim(2x+h -3)
=(2x+0-3)
=2x-3

(i) Let  f(x)=—

Accordingly, from the first principle,
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f'(x)=lim fx+h)-7(x)

fryd }-'

' I

7. J R
T et I
>0l /]

= lim— )
R X (x+h)

=lim— : :
Rl ()

L[ —h* —2hx ]

I st =at = 2"’-"‘

=lim—
fr—>0) h ‘ (\+h

)
-h=
= lim
/f~m|r ‘ o h }

0-2x -2
.\‘3(.\‘+0): x?
(iv) Let /(\) = ‘_+: . Accordingly, from the first principle,
X—

/"(.\‘+/,)__,-(_\.)
““ h
= lim x+h-1 x-=1

h=( h

H (x=1)(x+h+])—(x+1)(x+h-1)
(x=1)(x+h-1)

f(x)=

= hm
f—atl h
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I |
= lim—
Jr—0i h

o
= lim—
B0 h

(¥ +hvsx—x—h=1)-(x"+hx-x+x+h-1)
(x=1)(x+h-1)

}

-2h
(x=1)(x+A-1)

2

=lim

=0

|

(x=1)(x+h-1)

|

2 2

“(x-)

Question 5:
For the function

o0 uo

X X
F&)=T%t%

Prove that /"(1)=100/

Answer 5:
The given function is

)

(.\'—l) A (x~=1)

X
Foet=—+x+1
2

(0)
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ll Ul U‘l

X
B N e e L A |
) =T%*% ik

y, (I |nI| ‘_ 1o .\':
f(x)= Fot—4x+]
X cl\ lOO 99 2

4a

/

@ d . x"% d|[x ] d(x’ d .,

2 r(x)= IO B .l WRELL T T
&) ¢l\[100j+¢k[99 s +¢1\-[2)+m(‘) d\()

) d; . .
On using theorem —(x')= nx™', we obtain

-~ a) .
Lt TR

d\’()_ 100 99 2
o WL Ty

(X)) =x" X" L x ]

Atx =0,

£(0)=1

Atx =1,

L=+ w4 =1+ 1+ 4 1+ ] =1x100=100

L0 serms

Thus, f*(1)=100x £'(0)

Question 6:

Find the derivative of x" +ax" " +a’x" " 4. +a" 'x+a" for some fixed real number a.

Answer 6:
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Let f(x)=x"+ax"" +a'x" " +..+a" 'x+a"

LI

dx dx

=—(x )+at%(.\'"")+a"%(.\""")—f..ﬁu""{/—I(.\')-ka“

; d ., ; :
On using theorem 7—.1‘ =m""'. we obtain
dx

L(x)=mx" +a(n=1)x""+a* (n=2)x"" +..+a"" +a"(0)

=" +a(n=-1)x""*+a* (n=2)x"" +...+a""

Question 7:

For some constants a and b, find the derivative of

(i) (x = a) (x = b) (ii) (ax? + b)?2 (iii) Sl
Answer 7: x=b
(iYLetf(x) = (x-a) (x-b)
= f(x)=x"—(a+b)x+ab
f'(x)=-(%(x: ~(a+b)x+ab)

dv d d
= B Ay e R N
el iy G o S e

. d, , 3 .
On using theorem T(x' ): nx™"'. we obtain
dx

f(x)=2x—(a+b)+0=2x-a-b
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(i) Let f('x)=(m': +b):
= f(x)=a’x"+2abx’ + b’

- A (1 24 1 B 9 ‘1 4 d = ({ 2
S fix)=—\ax" +2abx + b7 )=a” —(x" )+ 2ab—(x" )+ —(b"
F1x) dx(u v ) ! dr( ) ( d\'( ) c/.x'( )
On using theorem tli\ =nx""'. we obtain
dx
f'(x)=u"(4.\'7’)+Zab(2.r)+b“(())

=4a’y" +dabx

= 40.\'(0.\"" +b)
x—a)
(iii) Lcl.f(-\')=%r_—hi)
W ___d_ X—a
2l (A)_dx(.\'—b]

By quotient rule,

d d
x—bh x—a)—(x—a x—bh)
£'(x)= ( ) dx ( ) - ) cx (
(x—5)

_=B)()-(x-a)()
(x=b)
_X ~b-x+a
(x=b)
_a-b

(x-b)
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Question 8:

X
Find the derivative of —

Answer 8: x
Letf(x)="—2
X—a
i ‘.1 { xu _an \
= f'(x) =—[ J
dxl x—a

By quotient rule,

r'(x)

Question 9:

Find the derivative of

(i) 2x->
4

(iii) x3 (5 + 3x)

(v) x4 (3 - 4x7°)

L]

for some constant a.
-Q

d

dx

(s-0) 8 =0") (')
(x—a)
_(x-a)(ne""—0)~(x"-a")
(x—a)

" —anx™ =x" +4"

(x—a ):

(x—a)

(i) (bx®* + 3x-1) (x-1)

(iv) x° (3 - 6x79)
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Answer 9:

. 3
Lt 3 X :2_‘_;
(i) Let f(x)=2x x

dx

_,d _,.f,’_’%]
a’x( ) d.\‘L4

=2-0

=2

(i) LetF(x)=(GBx*+3x-1)(x-1)

By Leibnitz product rule,

f'(x)=(5¢"+3x- ])%(x ~1)+(x- l)%(it" +3x-1)

2 (5_\5 +3x— I)('l)+(x- l)(5.3.\" +3-0)

(5.\"-‘ +3x- I)+(.\'~ l )(15.\': +3)

Sxt +3x~1415%" +3x-15x" =3

20x' 153" +6x-4

(iii) Let f(x) = x 3 (5 + 3x)

By Leibnitz product rule,
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\.
-
—
b
S—
Il

' ;{i (5+3x)+(5+3x) c: (x7)

T ax

x7(0+3)+(5+3x)(-3x7")
=x"(3)+(5+3x)(-3x7")
=3x7 -15x" =9x”
=-6x" -15x"

5)

f
:—3.1'3L2+—J
Xy

(iv) Let f (x) = x> (3 - 6x79)
By Leibnitz product rule,
J(x)= .\'51(3-6.\' ")+(3-6x" )i(\)
dx dx
= {0-6(~9)x" "+ (3-6x) (5x*)
=x (54.\""' )+ 15x* =30x7°

=54x +15x' -30x7°

=24x7" +15x"

(v) Let f(x) = x4 (3 -4x7>)
By Leibnitz product rule,
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P ()= L (3o (34 ) L ()

X
=37 {0-4(=5)x |+ (3-4x ) (4) ™

s aE (30'\- ¢ )-4-(3—4.\"5 )(—4\ 5)

=20x7"" —12xF +16x7"
=36x"" - 1257
B ]"’ 36
XX
2 &
(Vi) Let F0) = S T 3]

f(x )';,;[}iﬁ)'%(;—l]

By quotient rule,

(\+|) (\+I) ‘“l) X' ‘ (3“‘—1)

.f’(".) (\+| (JX-])

:(_\’-(»I)(O )-2(1) {3' )(2x) }
(“.4_” ()\ I)
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Question 10:
Find the derivative of cos x from first principle.
Answer 10:

Let f (x) = cos x. Accordingly, from the first principle,

flx+h)-f(x)

" .
x)=lim
/ ( ) =) l,
cos(x+h)-cosx
= m 2
ft=20 h
— g [ cos xcos h—sinxsinh—cosx
= =) l

~cosx(l-cosh)—sinxsinh
h

=lim

h=s11 }

[ —cosx(1-cosh) _sinxsin/

h |
cosh) , ( sin/r

——" | —sinxlim J
h =30 I )

/ Loa

{lﬂim

=lim

hepli

~coss{ lim’

—cosx(0)-sinx(1)

Iim

Ji=sl

=-—SInx

- S (x)==sinx
Question 11:
Find the derivative of the following functions:
(i) sin x cos x (i) sec x
(iv) cosec x (v) 3cot x + 5cosec x

(vii) 2tan x - 7sec x

| —cosh )
=0 and lim

h b0 h

sinf

|

(iii) 5 sec x + 4 cos x

(vi) 5sin x - 6cos x + 7
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Answer 11:
(i) Letf(x) = sin x cos x.

Accordingly, from the first principle,

S'(x)=lim f(x+h)—f(x)

=) 7

i sin(x+ h)cos(x+#h)—sinxcosx
=lim——————~
=0 h

o ; "
=lim = [2sm(x+ h)cos(x+h)—2sinxcos .\']
a=sh 2k

: i 3

= lim —[sm 2(x+h)—sin 2,\']
f—pld 2,'

| [ 2x+2h+2x . 2.\'+2h—2.\':|
2cos

= lim
h—al) 2/1

. 4x+2h . 2h
= lim—| cos————sin—
2 5

H—») h

*sin
2 2

- -

|
=lim—

i I:cos(l\‘ + h)sin h]
h— b ’

. \ - SNk
=limcos(2x+ h).lim 3
fi—) Bl 1

=cos(2x+0).1

=C0S2x

(ii) Let f(x) = sec x. Accordingly, from the first principle,
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f(x+h)—f(x)
h
sec(x+/1)—secx

f'(x)=lim-

h—i)

=lim
h-0 h

| |
cos(x+h) cosx

]
= lim—
h=0 h

[ cosx—cos(x+4h)

= [im
b 4Ll h

cosxcos(x+4)

-2 sin[

X+ X4+
5

)
= 7

x=x-h)

sin( =

\ . :

/

dim —
cosx

cos(x+h)

wi (2x+0 . (A
I ~-smL T ism‘ ==
= dim— = L\ B
COsX 0 fp cos(x+/)
in h)
(2x+h) ZJ
sin| =—=—= | 22
2 l /h\|
| e \ 2/
= lim
cosx i cos(x+/1)
. (h) 2x+h
l sin| - .
= dim /\"j.lim =
cosx ", hw i cos(x+h)
3 L_’
-/
. | sin
COSY  COSX

=secxtanx
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(iii) Let f(x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
Sx+h)—1(x)

"(x)=lim
, ( ) 1—sfl h
! Ssec(x+h)+4cos(x+h)- [5 sec x ++4cos .\']
= lim
Fi--»0) h
sec(x+h)—secx cos{(x+h)—cosx
=5lim [ ( ) ] +41hm [ ( ) :I
Ji—sll h h—>l) ]-,
=5lim 3 ! o] +<41lim ll:cos (x+h)—cos .\']
=0 f1| cos(x+#) cosx =0

_.. llcosx—cos(x+h | ! :
=5lm— ( ) +4l|m—[cos.\'cosh—sm.\'smh—cos.\-]

n=0 | cosxcos{x+h) =0 f
- -
s [ X+X+h) . (x—x—h
z —2sin| = |sin| —_— I
=——-7INim— — = +<4lim —| —cos x(1—cos /) —sin xsin h]
Cos X i=0 Jp cos(x+7) W0 h
[ 2x+h\ _( h)

_ =2sin| —— sm|—- | .

5 & 1 2 k2 . (l—cosh) . sinh
= Jdim— + 4| =cosxlim ———— —gin x lim ——
cosx 1 h cos(x+4h) Wt o f

n h ]
(2x+h) S 2%
sin ’
. 2 ) h
¥ 4 2
= dim = +4[(—cos.\‘).(0)—(smx).l]
cosx el cos(x+h) :
. (2x+h \) [ i
x sin| - - sin| —
J . \ 2 ). Y .
= | lim Jhim —4sinx
cosx |0 cos(x+h) v A
2
5 sinx .
= : A—4sinx
COSX COSX

=Ssecxtanx.—4siny
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(iv) Let f (x) = cosec x. Accordingly, from the first principle,

Sfx+h)—f(x)
h

Fx)=ln

ap & i ) =
f(x)= lim Z[cosec(.\ +l))—coseuJ

; 1 1
=lim—| — e
0| sin(x+H4)  sinx
. 1| sinx—sin(x+4) |
= lim—| — —
=0 fi| o sin(x+h)sinx
(x+x+h) . (x=x—h)
2¢08| ———— |‘Sl"[ —= |
; \ 2 B
= lim— ~—— >
i+ i sin(x+ /1)sinx
X 2x+hY. { h)
2cos sm| - |
5 1 \ 2 \ 2/‘
=lim-— - :
520 y sin (x+/1)sinx
mnfh
2x+h L?.
-Co N
L 2 (h]
. 2
=lim - : R
T sin(x+/1)sinx
( (2\-—/1\ . h
o Bl | sin| —
™ 2 2 B
=lim| —— = dim——=
0| sin (x4 h)sinx | ", [/’I
- >
\ / =/

_( ~COS X ]l
Lsinxsinx )

= —cosecxcot ¥
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(v) Letf (x) = 3cot x + 5cosec x.

Accordingly, from the first principle,

f(x+h)—f(x)

h

S (x)=lim-

i 3cot(x+h)+ 5cosec(x+h)—3cot x—5cosec x
=lim ‘

= h

- — |
= 3!.1_111',—[cot(.\ +h)—cot x]+ Shim }—[cosec(.\ + h)—cosec x]

1 1

Now. lim ,11 [cot (x+h)—cot \]

=lim—

|-cos(.\'+h) CO8 X
v k| sin(x+h)  sinx

i | -cos(_r+h)sin.\'—cosxsin(.\'+ h)
=lim . _ ;
L sinxsin(x+4)

| i sin(x—x—h) |

=lim—|— -
not fi| sinxsin (x4 h)

sin( =/
= Iiml sm( ')

a0 k| sinasin( x4+ h)

.osink) .. I
SN § TP T R —
wst o fp )| v sinxesin(x 4+ h)

1 -]
‘sinx-sin(x+0) sinx

=—] =—cosec X

(1)
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o
lim - [cosec (x+h)- cosec.r]
{t-»( 7

lim : !
oo fr| sin(x+ /) sinx

1| sinx—sin(x+/)
= lim—

A0l sin(x+ A)siny

[ [,\'+.\'+h) (.\‘—x—}z)
2cos - -sin :

lim l
-0 h sin(x+A)sinx
IT:
= 2x+h) . h
2cos sin| -
fig 2 2 2
=1 — > -
h=0 fp sin ( X+ h) 5N X

=lm —
is0 sin(x+h)sinx

[2x+hj ( ]
—cos| - sin
2 2
fr
2

=lim lim

Fis) sin(r+h)sinx '1'.(. ( J

—CO8X ) i
Sin X Sin ¥

=—Cosecy cot X -(3)

From (1), (2), and (3), we obtain

/' (x)=—3cosec’x — Scosec xcot x
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(vi) Let f(x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,

(x)=lim flx +h)—f(.\')

=0 h

=lim 11 [5sin(x-+#)~6c0s(x+h)+7~5sinx+6cosx—7 |
1

liesl)

o ; . A
= — | 81« : oty Y _6looelx —onay)
-E.Tl/,[blbm("”') sinxj—6cos(x+h) cos.r’]

=5lim ;];[sin (x+h)-sin x] ~6lim ,l[cos(.\' +h)-cos x]

(= Al 1

_w ] x+h+x) . (x+h-x) . COSXCOSh—sinxsinfi—cosx
=5lim | 2cos| - sin : —6hm—— - s -

U h 2 2 loal) h

—— 2x+hY . h| .. |—cosx(l—cosh)—sinxsink
=5lm—| 2cos sin— |—=61Im

Ji=»1) h 2 2 Ji—=sl) h

\ §In 4

_ 2x+h\ 5 | —cosx(l-cosh) smxsinh
=5lim| cos < |—6lim -

h—sli 2 h h—U h l)

2 )

_h
. | 2x+h . . l—cosh .. (sinh’
=5/ limcos lim—-—=|-6| (-cosx)| lim ~sinxlim —J
=t ) I h »h—»“ h h= h
5

\ -

=5cosx.| -6[(—005.\').(0)—sin % I]

Scosx+6siny

(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,
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S'(x)=lim 4 (.\'+h/)—_/'(.\')
fi=0 1

=lim s I:.‘Ztan (x+h)~7sec(x+h)-2tanx+ Tsec ,\‘]

i) fp
= I.,l_l.]?. '}l; [2 {tan (-\" + h) -~ tan .\'} -7 {Sec(_\' 4 h) — 560 .\.}]
=2 l.,ix‘ll%[tw (x+h)—tan x] -7 I‘m‘} ,l' [sec(x + ) —sec x]
[ sin(x+/ in x 1
:lliml il ’)—sm\}-ﬂlml[ l __1 I
>0 Lc:os(.\wuh) CoS X 450 | cos(x+h) cosx J
2 2“ml-sin(.\' +ft)cos x —sinxcos(x + /r) . cos(x+4)
i cos xcos(.x + /) #>0 1| “cosxcos(x+ )
= L’.\'+x+h) Cx—x—h)
—=Sin Sln[ J
2 2
=2lim —7hm— = <

70 cos xcos(x+h)

- [2.\'+h) . ( I
~2sin sin| - —
5 ~

sinft I A 2 2
=2hm J —-7hm— ; LI
w0\ h ) cosxcos(x+ ) b0 fp cosxcos(x+/h)

[ sin(x+h-x) ]

=0 hl cosx COS( X+ h)

(. h . (2x+h)
C sinh 1 \ i, -
=2| im lim ’—7 lim——= || lim A
i h Jl v cosxcos(x+h) | | By B || B0 cosxcos(x+h)

\ 2

=21 4—7.1(

sin x “|
COS X COS X

COSXCOSX )

=2sec’ X— Tsecxtanx
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(Chapter — 13) (Limits and Derivatives)
(Class XI)

Miscellaneous Exercise

Question 1:

Find the derivative of the following functions from first principle:

(i) —x (i) ()71
(i) sin (x + 1) (iv) cos(x—%]
Answer 1:

(i) Let f{x) = —x. Accordingly, f(x +h) =—(x +h)

By first principle,

f'(x)=lim

f(x+h)-f(x)
h

Iy =0

. —(x+h)—(=x)
=lim :

[ ) h

. —X—h+x
=lim

1)
= [im—

l—1) h
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i A b = Accordingly, f(x+h)= -
(i) Let f(x)=(-x) i R ' (x+h)

By first principle,
F(x+h)-f(x)

f'(x)=lim

h—=0

o [ = (—l]
=lim— —| —
h20h| x+h \ x

1 =1 1
=lim— o —
0 h| x+h x

| ’—x+(x+h)]

el x(x+h)

| —»-x+x+h
h=0h| x(x+h)

g ) h
=lim—| —
h-0 by L(x +h)]

=lim
net x(x+h)

I —

|
X-X Xx°
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(iii) Let f(x) = sin (x + 1). Accordingly, f(x+h)=sin(x+h+l)

By first principle,

f'(x)=lim i a1

[FE il

s Lpos i : p
=LIJ}'I'F[SIII(X+|\+I)—Slll(,\+|)]

| x+h+l+x+1) . (x+h+]l=-x~=1
=lim—| 2¢cos sin
h-al) h 2 2

. I[ (2x+h+2). (h]]
= lim—| 2¢cos8| ———— |[sin| —
b0 by : 2 2
L (h
ax+hg2Y 2 2
(T
2.

. (h
sin| — -
2x 2hegs © [ ]
=|imcos( aial ]-Inn 2 Ash—>():>|_]_>()
=1l 2 !‘-»o(b [h J | 2
- ';

2x+0+2 [ sinx
= COS T -1 lim =]

= lim| cos
bt

xoald N

“~

=cos(x+1)

(iv) Let f(x)=cos(x—§]. Accordingly, f(x+h)=cos[x+h—§]

By first principle,
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f'(x)=lim

h-sd

f(x+h)—f(x)
h

[As h—>():>|%—>0.l

1] n =
=lim—| cos| x+h—-— |-cos| x~—
h mh_ 8 8
. S n i
| (.\+h—§+.\—-8-) X+h—2 x4+
=lim—| =2sin sin 8 8
h_mh 2 2
B /
2x+h——
. : 2
=lm | -2sin sin—
h -nh 2
| \
i N L ('l 3\
2x+h-" smL;J
=lim| —sin 4 AT
h—0 2 h
(5]
T 2k
2x+h-= sin| =
=lim| =sin 4 || lim——=
kg 2 hy (h
L X i 2
. X
2x+0——
= —sin t |1
2

=—sin| >

N



www.tiwariacademy.in
www.tiwariacademy.in

Question 2:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + a)

Answer 2:

Let f(x) = x + a. Accordingly, [f(x+h)=x+h+a

By first principle, g
()= “'"M
1

h—sl)

. Xth+u—x—ua
=lim——m—m

h—l h
e
=lim !IJ
h»oi-l. h
=hm ()

=1

Question 3:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (/.J.\‘+q)('—;+s]

Answer 3: Letf(x)=(px +q)(%+s]

) (r “r '
f(x) :(p.\'+q)'l :+s] +[:+s }(p.\'+q)

=(px+q)(r +s)'+‘;£+5](p)

=(px+q)(-mx" ) + ( Lts \l p
\ X /

\

:(p.\'-fq)ly 1— +"—i+s)p
A S X
L L
¥ W X

= pS ===
X’
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Question 4:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers)

Answer 4:
Let  f(x)=(ax+b)(cx+d)
By product rule, { :

P/(x) = (ax+5) L (ex+d) +(cx+d) 2 (av+b)
dx oy

=(ax+b) i(c".\': +2cdx+d* )+ (cx + dy . (ax+b)
dx dx

1 1 2 ‘.I r {{ .,‘ - ([ ({ 1
= (ax+b)| (7 )+ = (2edy) + - d* |+ (ex+d) | S ax+ b
(ax )'id"_(c Y ) d“( cdx) d\" J (ex+d) |:¢.I.\' ax =

= (m’+b)(2c‘:x+ Zc‘d)*- (L‘.\'+d2)a

=2c(ax+b)(ex+d)+a(ex+d )
Question 5:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): gl
Answer 5: ex+d
Let (x) = ax+b
/() ex+d
(ex+d) d (ax+b)—(ax+b) a (ex+d)
'(x)= dx dx
‘ (ex+d)
(ex+d)(a)=(ax+b)(c)
(ex+d)
_acx +ad - acx - be
(ex+d)’
ad —bhe

—(c.\'+d)3
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Question 6:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

Answer 6:

By quotient rule,

\d d
=1 (x+1 —(_‘-+|) =]
{x)= ( ).c-./a:( ) : ‘43,( )

(x-1)’
(=DM -(+1)(1)

- Cx#0,
el
% MRS
(x=1)
=3
= —.x#0. 1

I

+1
.wherex =0

Lxz001
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Question 7:
Find the derivative of the following functions (it is to be understood that a. b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): ;
ax” +bx+c¢

Answer 7:

1

L o evys

By quotient rule,

; d d 3
(» ax” + by + (‘) e (1)- = (u.x" +hx+c )

f(x)=

(u.\‘: +hx+c¢ ):

(@ +bx+¢)(0)—(2ax+b)

T (afebree)
_ —(2ax+ b)_

K ((IX" +bx+¢ )

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . ax+b
and s are fixed non-zero constants and m and n are integers): -
Answer 8: px +gx+r

. ax+b
Letf(x)=—
pxX +gx+r

By quotient rule,
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(px: +gx+ r) & (ax+b)—(ax+b) _ (px* +gx+r)
f(x)= dx dy

(px’ +q.\'+r):
(px" +agx+r)(a)—(ax+b)(2px+q)

(px* +qr+r ):
_apx® +agx+ar —2apx” — agx —2bpx — bq
(px +qr+ r):

_—apx” =2bpx+ar—bq

(px® +gx+ I)
Question 9:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

. . ),\': +gx+r
and s are fixed non-zero constants and m and n are integers): Fodi ol i

Answer 9: av+b
Letf(x)=EETETT
ax+b
By quotient rule,
(ax+b) & (px* +aqe+r)—(px* +ax+r) o (ax+b)
fv:( .\') 2L (l\' - * t[.\'
' (ax+b)

(ax+b)(2px+q)—(px* +qx+ r')(a)

(ax+b)

_ 2apx’ +aqgx +2bpx + bq — apx® — agx — ar
- (ax+b)
- apx” +2bpx + bg — ar

) (ax+b)

3

1
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Question 10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

! _ a
and s are fixed non-zero constants and m and n are integers): — -

Answer 10: A
. a
Let/(x)= F—
. I(a) d
f'(x =‘—(—)—— J+— COsS X
(%) delx? ) dxli® (Ix( )
(l |
= h + COos \
o s ( °) ( s
5 3 d
=a(—4x7)=bh(-2x )+(—sm.\-) [ (" ) = " andT(Losx)——ﬁm\]
dx
—4:1 2h
+——sinx
> A

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 4\/;—2
Answer 11:

Let f(x)=4Jx -2
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Question 12:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)”"

Answer 12:

Let f (x)=(ax+b)". Accordingly. f (x+h)=|a(x+h)+b} =(ax+ah+b)

By first principle,

f'(x)=lim f (‘ +.I{,)_-v/.(,"')

h
i (ax +ah+b) —(ax+b)
=lim
he>D h
(u.\'+h)"'(l+ ol ) —(ax+h)’
=THim ax+h.,
h—sl) ll
(l+ ah J" .
= (ax+b) lim ""'7”
Jr-st) 7

wvs: 3l = 2
=(u.\'+h) hml l+l{ i )+”(" )( ah ) +.. =1
b0 gy ax+b |2 ax+b _

(Using binomial theorem )

=(ax+b)" fim - ”( ah ]+n(n-l)u:h:
>0 ff ax+h B(U-\' +h)l

=(ax+h) lim Lo S '7("—l)ffly+
b-s(h ((l.\'+h) B((’-\' +/7)“

) i na
=(ax+b) |i(“x+h) +0]

— HUM
(ax+b)

+...( Terms containing higher degrees of /1)

= na(ax+h)""
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Question 13:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™
Answer 13: Let f(x)=(ax+b) (ex+d)"
(x)=(ax+b) i(«.‘x +d)" +(cx+d)" i(a.\' +bh) (1)
dx dx

Now. let f; (x) = (cx+d)"
filx+h)=(cx+ch+d)"
filx+h)=fi(x)

V]

ik ( ex+ch+ ‘/-).n - (}L'.\' +d )I
Si—sl) h

=(cx+d)" lim (|+ o ] -1
b3 fy ex+d

mog . o -1 -3h:
=(cx+d) lllllll [I+ Bt +m(m ) AEF) +A._}—l}
et 1

( X+ L/) 2 (L‘,\' +d )3

F{x)= lim

meh — m{m—1)e’h’

=((‘.\'+Z/)ﬂ‘ liml 2
-8 h -(('.\' +¢l) 2(('_\'+LI)>

(ex+ /)" lim mc +'"(”’_l)":h+
=\ ¢ 2
il (ex+d)  2(ex+d)

=(cx+d )' [ e + O:I

cx+d

+...(Terms containing higher degrees of /1)

_me(ex+d)”
N (cx+d)

=me(ex+d)"

% (ex+d)" =me(ex+d)" -(2)

Similarly. ‘1—/ (ax+b)" =na(ax+b)"" (3)
dx
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Therefore, from (1), (2), and (3), we obtain
f'(x)= (ax+b) {'""("—“""/ ) l } +(ex+d)" {nu(u_\'-f-b)"’ ' }

=(ax+b)"" (cx+d)"" [ me(ax+b)+na(cx+d)]
Question 14:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin (x + a)
Answer 14:
Let [f(x)=sin(x+a), therefore f(x+h)=sin(x+h+a)
By first principle,
f(x+h)=7(x)
h

7)<t

sm(x+h+a)-sin(x+a)

= him -
= h
1 (x+h+a+x+a) ., {x+h+a—-x—a)
=lim--| 2cos| sml J
[y \ 2 \ 2
1 (2x+2a+h) . ( h)
= lim ZCOSL = - |sin| = J
h=0 2 ) 2
sin gal
i (2.\'-#—20-— Y- Lz
= lim/| cos - \
f-ad | \ 2 ), ] ‘h \’
L N 2)
Sin |
sinl 2
! 2x+2a+h)\.. 2 h
= lim cos( limq 3 g Ash—>0= -0
hes) \ J ..‘f_‘u ! I| &
‘ LB J .
(2x+2a . sinx
= COS| — %1 lim =]
L 2 i x

= cos(x+a)



www.tiwariacademy.in
www.tiwariacademy.in

Question 15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): cosec x cot x
Answer 15:
(x)= xcoty
Letf(x) cosec x cot
By product rule,
1’(x)=cosecx(cotx ) +cot x(cosec x) (1)
Let 7, (x) = cot.x. Accordingly. /, (x+#)=cot(x+4h)

By first principle,

A . Ax+h)— f(x
£ (x)=1lm Silx+h)= i (x)
Jr—s i) /i
. cot{x+h)—cotx
=lim - :
lim ,,
cos(x+#A) cosx
L sin(x+/#) sinx

|-

=lim
H-aly

‘ 1
= lhim— - -
h=t sinxsin{x+#)

[ sin (x—x—h) :|

fr| sinxsin{x+/7)

1 1| sin(=#h)
- dim— ———
sinx =0 i | sin{x+/71)
-1 f sinh [ ,. 1
- | him lim——
Sinx \ r—aid }’ a3 1 1] (_‘- TR ,’)

= Y [ *]
sinx [ sin(x+0)
—1

sin” x

[ sinxcos(x+ /) — cosxsin(.\'+h):|

= lim
Jath

I

= —CcOosec x

- {cotx) = —cosec’x <34 2)
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Now, let f2(x) = cosec x. Accordingly,
By first principle,

/ (x+h)-fi(x)
h

5 (x)=1

Jl—?l‘

1
= hm—[cosec( x+h)—cosec x}

1-+0 h

From (1), (2), and (3), we
obtain

fo(x+h)=cosec(x+h

1 1

)

|
=lim-

ﬁi_sin (x+h) sinx ‘

= lin
=0 h| sinxsin(x+h)

-

1

= x+x+h) . (
_cos| :'sml

"y ! |
- Vs \

]_' sin ¥ —sm{x+ /I):|

X—x—h \l ;

- Ihm—|
sinx el

(2% 4
2¢os I

2"’)sin[

sin(x+#A)

~h
2

=
1

sinx

.(I\
I\’)

| cos

sin(x+/)

(2

2x+h \‘
-

cos

\J ‘ sm(x+h)

l”\fh

-
\ o= /

- d

sin(x+0)

I

sin.x
-1
sinxy sinXy

COS X

=-—cosecx.coty

~.(cosec ¥ ) =—cosecy.cot X

sin(x+#)
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1'(x) = cosec x(—cosec’x )+ cot x(—cosec xcot x)
= —cosec x —cot’ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i _ cosx
and s are fixed non-zero constants and m and n are integers): -
Answer 16: I+sinx
- Cos X
Let f(x)=—
| +sinx
: d d :
By quotient rule, (1+sinx)——(cosx)—(cosx) g (1+sinx)
X dx

7(x)=

(1+sinx)’

(1+sinx)(—sinx)—(cosx)({cosx)

~

(1+sinx)

—sinx—sin” x—cos” x

(1 sinx)’
—sinx— (sin3 ¥+ cos” .\')
(1 +sin.\')"

—sinx—1

(1+sinx)’
~ —(I+sinx)
B (1+sinx)’

-1
(1+sinx)
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Question 17:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . SINX + COS X
and s are fixed non-zero constants and m and n are integers): ——————
SINX—COS X

Answer 17:

A SINX+cosx
Let f(x)=Snrtcosy
SIN X —COS X

By quotient rule,

(sinx—cosx) d_ (sinx+cosx)—(sinx+ cosx) d_ (sinx—cosx)

f' (\) =3 dx oax

(sinx— cosx):

(s x—cosx)(cosx—sinx)-(sinx+cosx)(cosx+sinx)

(sinx - cosx)’

~(sinx—cosx)" —(sinx+cosx)’

(sinx—cosx)
~ [sin T X4 €08 x—28iNXCOS X +Sin” X+ Cos” X+ 28in x¢Cos .\'J

- ~

(sinx-cosx)

|
(sinx—cosx)’

4

B (sinx —cosx)’
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Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . secx —1
and s are fixed non-zero constants and m and n are integers): ——
Answer 18: I secx+1

; secx—1 fin cosx | J—oask
et fx)=22220 f(x)=C08E -

secx+1 ) | +cosx
By quotient rule, COs X

7 d
(1+cos x) - (1-cosx) — (1-cos x) = (1+ cos x)
iy dx

f'(x)= ‘

(1+ CO.\'.\'):

B (1+cosx)(sinx) - (1-cosx)(~sinx)

(1+ cosx):

(1+cosx)’
_ 2sinx
) (1+cosx)’
2sinxy  2sinx
‘/l . LJ (secx+1)°
L osecx sec™ x
~ 2sinxsec’ x
(secx+1)
2sinx
secx
_ _cosX

(secx+1)
_ 2secxtanxy

(secx+1)
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Question 19:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin” x

Answer 19:

Let y = sin” x.

Accordingly, forn = 1, y = sin x.

dy Y d .
. ——=CO$X, i.e, —sinx=cosx
dx dx
Forn = 2, y = sin? x.
a d,.
== =—(sinxsinx)
dx  dx
=(sinx) sinx+sinx(sinx) [B_\' Leibnitz product rulc]

= COS X SiN X +Sin X cosx
=2sinxcosx (1)

Forn = 3, y = sin? x.

dy dyi i
= =—(sinxsin" x)
dy  dx
! ? - . 3 h . .

=(sinx) sin x +sinx(sin” x) [By Leibnitz product rule]
= cos xsin” x+sinx(2sinxcosx) | Using (1) |
=cosxsin” x+2sin’ xcosx
=3sin” xcosx

Cl ‘ . n-t
We assert that T(sm" .\') =nsin'"" xcos x
dx

Let our assertion be true for n = k.
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ie., i{sinA x)=ksin" " ycosx {2
y ! '

Consider

:ll\ (sm" )

‘;i (sinxsin’ x)

= (sinx) sin* x+sin x(sin’ \) [By Leibnitz product rule]
= cosxsin’ y+sinx(ksin " xcos x) [ Using (2)]
=cosxsin' x+ksin' xcosx
=(k+1)sin" xcosx

Thus, our assertion is true forn = kK + 1.

. . . ‘i .o . n-t
Hence, by mathematical induction, —(mn'x):nsm" 'ycosx

dx

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i . a+bsinx
and s are fixed non-zero constants and m and n are integers): —————
Answer 20: c+dcosxy

! a-+bsinx
Letf(x)=——
¢+dcosx

By quotient rule,
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(c+(lcos.\‘)l[—f(a+bsin x)—(a+bsin x)‘Ti (¢+dcosx)
dx dx

£(x)=

(¢+dcos .\')"

_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(e+dcosx)

_choosx+bd cos” x+ adsin x + hd sin” x

2
(¢+dcosx)

he cos x+ad sinx+ bhd (cos‘ xX+sin” \)

(c+dcosx)’

5 becosx+ad sin x+ bd

(c+dcosx)

Question 21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
] , sin(x+a)

and s are fixed non-zero constants and m and n are integers): ———-—%

Answer 21: cosx

Let f(\) = M

cosx
By quotient rule,

COS X (% [sin (x+ a’)] —sin(x+ a)(% COS X

fx)=

COs™ X

cosx;—i[sin(.\'+a)] —sin(x+a)(-sinx) (i)

f(x)=

Let g(x)=sin(x+a). Accordingly, g (x+ /) =sin(x+h+a)

COsS™ X

By first principle,
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g(x+h)-g(x)

g'(x)=lim

fo—st) ,?
|
= s + +
!1_1.1‘1'1’[5111(r+h a)-—sin(x a)]
— x+h+a+x+a \+h+a—r—a
=lim—| 2cos sin
Ji—h h

o i | 3
=lim-£[2ws( £X a+h i ]J
I|~>|'nh
(-’]
/: ’
2)

2x+ 2(1 +h
=lim| cos

Sraly ‘ (
s3]
=“mcm(_1+2¢1+h 2 Ash_)ODh_)OJ
Jiesi) I) I 2
= @]
2x+2a [ sinh
=| cos x| [im =
: 2 =0 h
=cos(x+a) Lo (ih)

From (i) and (ii), we obtain

cos x-cos(x+a)+sin .\'sin(x +a)

J'(x)=

COS: X
_cos(x+a—x)

cos” x
_ cosa

cos” x
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Question 22:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos x)

Answer 22:
Let f'(x)=x"(5sinx—3cosx)
By product rule,

fi{x)= .\"‘I—[(Ssin x=3cosx )+ (Ssinx - RC()sx)i(x‘ )
dx e

dx
= x! [Sﬁ(sin x)-3 1 (cos.\')] +(5sinx— 3cosx)%(.\" )

o

=x*[

= x'[5xcos x+3xsinx+20sin x—12cos x]

cos x—3(~sinx) |+ (5sinx—3cosx)(4x")

Question 23:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x?> + 1) cos x

Answer 23:
Let f(x)=(x"+1)cosx
By product rule,

: ; d dy s
f'{x)=(x" +1)—(cosx)+cosx—|x +1
F8)= (1) o) con 1)

= (¥ +1)(=sin x)+cos.x(2x)

=—x"sinx—sinx+2xcosx
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Question 24:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + g cos x)

Answer 24:

Let f(x)= (ax? +sin .\')( pP+qcosx)
By product rule,
5 3 . d d § i
! (.\')=(wc +sm.\‘)T(p+qcns.\‘)+(/7+qcos.\')7(m‘ +sm.\')
; dv dx
= ( ax’ +sinx )(=gsinx)+( p+¢gcosx)(2ax +cosx)

=—gsinx(ax’ +sinx)+(p+qcosx)(2ax+cosx)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x+cosx)(x—tanx)
Answer 25:

Let /(x)=(x+cosx)(x—tanx)

By product rule,

f'(x)=(x+cosx) 5 (x—tanx)+(x—tanx) L (x+cosx)
dx ax

=(x+cos \){ q (x)- —(—(v(tan .\')J+ (x—tanx)(1-sinx)
dy dx
= (.\'fcos.\')[l——(}tan.\}+(.\'—tan.\')(l—sm.\') v (1)
dx

Let g(\) =tanx Accordingly, g(.\'+/l): tan(.\""h)

By first principle,
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g'(x)=1lim g.(""",’)—g(.\')

Tyl ’

~ (tan{x+#h)—tanx
:Ilm( - ( ) - 1

=l h J

. 1| sin{x+h) sinx
=lim - -

i h| cos(x+h) cosx

= lim—
=0 cos(x+ h)cosx

| I Psin(x+h—x)}

1 [ sin(x+#)cosx - sinxcos(x+ h):|

- Im— | ————
cosx 0kl cos(x+h)

—_ll sin A
= Jim—| ———
cosx i1 | cos(x+H)

0\ [
— .lhm J lim—
cosx \ "= f | A0 cos(,\'+h)
~ 7
| | |
cosx  cos(x+0)
1
C0S™ X
=sec’ x (i)

Therefore, from (i) and (ii), we obtain
7'(x)=(x+cosx)(1-sec” x)+(x~tanx)(1-sinx)
=(x+cosx)(~tan" x)+(x—tanx)(1-sinx)

=—tan” x(x+cosx)+(x—tanx)(1-sinx)
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Question 26:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) _ 4x+5sinx
and s are fixed non-zero constants and m and n are integers): ————
3x+7cosx
Answer 26:
; 4x+5sinx
flx)=————
et /(%) 3x+7cosx

By quotient rule,

(3x+7cosx) (ll (4x+35sinx)—(4x+S5sinx) (Il (3x+7cosx)
ax

ax

JS'(x)=

(3x+7cosx)’

(3.\'+7cos.\')[4 4 (x)+5 4 (sin .\')}-(4.\'+Ssm .\')[3 i x+7 4 cosx}
dx dx "y dx

(3x+7cosx)

_(3x+7cosx)(4+5cosx)—(4x+35sinx)(3—-7sinx)

(3x+7cosx)’

_12x+15xc0s x +28cosx +35¢cos” ¥ —12x+28xsin x —15sin x+33sin” x

(3x+7cosx)’

15xc0s x + 2805 x + 28xsin x—15sin x + 35(cos™ x +sin” x)

(3x+7cosx)
_ 35+15xcosx+28cosx+28xsinx—13sinx
(3x+7cosx)
Question 27:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

X" COS|
4.

sin x
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Answer 27:

eos(
X COS| —
__\4)

Let f(x)= .
sin x
By quotient rule,

sinx é (\) X ‘; (sinx)

£'(x)=cos—. R —at
4 sin”~ x

. > ¥ |
: {sm x-2x—x° cos .\'J

=COS—. —
: sin” x

X COS z [2sinx—xcosx|

sin® x
Question 28:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers):

Answer 28: I+tanx

X

Let f(x)=——
© '/( ) l+tanx

(1+tan \)5‘(\)- X ‘%(I +tan x)

£(x)= rsamk

(1+tanx)-x- d (1+tanx)

I'(x)= L (i)

(1+tan x)’

Let g(x)=1+tanx. Accordingly. g(x+/)=1+tan(x+h).
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By first principle,

g(x+h)—g(x)

2'(x)=lim

fr—l)

h
+tan(x+h)—1-tanx

=lim

=iy

|

=lim—
l—) h

=lim~—

hah h

sxesh
=lim—
] h

1[ sin(x+#) _sinx

1 _sin(.\‘+h)cos.\'—sin.\‘ cos(x+h)

|

h

|

| cos(x+/h) cosx

|

cos(x+/)cosx

[ sin (x+h—-x) 1

i cos(x+ hr)cosx |

sinh

cos(x+/h)cosx |

(. sinhY[..
=l lim \ lim
A0l | A cos(x+ h)cos x
| .
=1x — = 5eC X
Cos” x

— i(l +tan x) =sec” x

dx

From (i) and (ii), we obtain

o (1)

|+ tan x - xsec” x
(1+tan x)’

f'(x)=
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Question 29:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x + sec x) (x — tan x)

Answer 29:

Let f(x)=(x+secx)(x—tanx)

By product rule,

f(x)=(x+sec x)i(x— tan x)+(x—tan .\')i(.\'+sccx')
dx dx

:(.\'+sccx)_%(.\')—%tan.\-]ﬂ.\'—tan.\')[%(.\‘)*.%scc.\}
=(x+secx) I——‘imn .\-}L(.\'—tan.\'){ldr . scc.\'] a4
| dx ' dx

Let f (x)=tanx, f.(x)=secy

Accordingly, f,(x+h)=tan(x+h) and f,(x+h)=sec(x+h)
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f{ (x)=tlim [;/; (x+h)-1, (,x,)]

Lepll ) I’

o (tan(x+h)—tanx
=I|m( ( )

=0 h J

, tan(x+4)—tanx |
=||m[ ( )

h—4) h

1] sim(x+h) sinx
=0 h| cos(x+h) cosx

=lm—
b0 h cos(x+h)cosx

| [ sin(x+h)cosx—sin xcus(.\'-f-/z):l

, sin{x+h—x)
=lim -
o fi| cos(x+h)cosx
4753 sinh
=lim—
W= fi| cos(x+h)cosx

- sinh . 1
=| lim | him
Beald I’ heai} COS(_\' -+ ,’)COS A

=l — =8ec” X
COS™ X

d 3 %
= —tanx=sec" x ()
AN



www.tiwariacademy.com
www.tiwariacademy.com
www.tiwariacademy.com

72 (x) = tim AR A L)) J

h—t \ h

=hm

Fr—at)

( sec{x+/#i)—secx
It

. | 1 1
=lhm— =
= fi| cos{x+h) cosx

1| cosx—cos(x+/)
= lim— :
o fi| cos(x+/ft)cosxy
5 [xtx+h cfx=x—h)
' g | —2sin| ——— |-sin| ———
= Jim— = - S =i 4
cosx Hi r cos(v+/r)
[ . [2x+h] . (—n]
—2sin| ——— |-sin| —
1 | 2 2
— Jdim—
cosx 0 i cos(x+/1)
' sin(/i] -
(2x+ /0 ] 2
sin T
2
| ] 2 [
= Jdim
cosx o0 cos(x+/1)
5 2 J sm[ H
lmlsm(:\j{f |l lim —— 2,
ln—.u 2 ,J ':07_, /_I
i 2
=secy - :
5"]“1005(.\'*—/!)
_...smx]1
" cosx
7
— < secxy=secxtany ; - (i)

dx
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From (i), (ii), and (iii), we obtain

£'(x) = (x+secx)(1—sec” x)+(x—tanx)(1+secxtan x)

Question 30:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

Answer 30:

X

Let f(x)=—
sin’ x
By quotient rule,

e il 7 R
sin" x—x—x—sin" x

’f‘l ( -\_) = (l_\;in - \.(1.\‘

. ‘l son s n-l
It can be easily shown that J—Sl“ r=nsm  XxXCOosxy
v

Therefore,
d

=5 & i
sin"x - x—x -sin"x

f'(x)= dx dx

sin”" x

sin” x. 1 —x(nsin“ '.\-cosx)

an i
sin x

sin”' x(sinx—nxcosx)

sin”" x
SIN X — 1y Ccosx

. +1
1’ X

sSin

sin” x
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Evaluate the following limits, if exist.

Question 1:

Answer 1:

Question 2:

Answer 2:

Question 3:

Answer 3:

Exercise 13.2 (Supplementary)

. et
lim
x-0 X

. e*—1
lim
x>0 X

. e*—-1
= lim
x>0 4x

X 4

ev-1

= lim X 4

y-0 Y

=1x4

eX —eS

lim
x-5 X—5

e¥ —eb

lim
x-5 X—5

Using lim exx‘l = 1]
xX—

Putx =5 + h,thenasx -5 = h — 0.Therefore




5 . @S5+h_gs

x—5 Xx—5 h—-0 h

h—0 h
h
. . eh-1
=e’x1 [Usmg lim— = 1]
h-0 h
= 95
. . esinx_l
Question 4: lim——
x—-0 X
. esinx_l
Answer 4: lim——
x-0 X

eSinx_q sinx
X

x—-0 x sinx

eStnx_q sinx
X

= lim —
x—0 SInXx X
. e¥V-1 . sinx .
=lim —— X lim [Where y = sinx]
y—-0 Y x—-0 X
. . eY-1 . sinx
=1x1 [Usmg lim——=1and lim =1
y-0 Y x-0 X
=1
. . eX-¢e3
Question 5: lim
x—-3 x—3
. eX-¢e3
Answer 5: lim
x-3 x-3

Putx = 3 + h,thenasx -3 = h — 0.Therefore




lim 2=

Question 6:
x—0 1—cosx

lim 2=

Answer 6:
x—0 1—cosx

. x(e*-1
=lim ( )
x—0 1—cosx

1+cosx _ x
X

1+cosx X

1+cosx X

2

. e*—1
= lim ( ) X
x-0 X 1

1- cos?x

2

. e*-1 .
= l]m ( ) X llm
x—0 X x-0

1+cosx .
X lim —;
x—0 Sin?x

1+cosx

. e*-1 .
= l]m ( ) X llm
x—0 X x-0

1
=1 x(1+1) x5

loge (1+2x)

Question 7: lim
x—0 X

. _lo 1+2x
llm ge ( )
x—0 X

Answer 7:

loge (1+2x) %

= lim
2x

x-0

X im
(%)

Using lim = x_l = 1and
xX—

2

sinx

lim
x>0 X

1




= lim 29 A+ o 5 [Where y = 2x]

y—0 y
=1x2 Using lim 2221+ ) _ q
y—0 y
=2
] . log (14«3
Question 8: lim —Og.( :x )
x>0 sin3x

log (1+x3
 Log (142°)

Answer 8: li “—
sin=x

x—0

log (1+x3)  x*

= lim

x—0

x—0

- lim log (1+y)

y-0

sin3x x3

. log (1+x3 3
llmog( x)Xx

x3 sin3x
x lim Wherey = x3
y x—0 ( sin x_)3 [ Y |
X
. . log (1+y) .
- Using lim——==1and lim
1 y-0 Y x=0
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