CHAPTER - 5
CONTINUITY & DIFFERENTIABILITY

Question 1:

f(x)=5x-3

Prove that the function* “is continuous

at¥= 0,atx =—3andatx =35, Answer

The given function is f'(x) =5x -3
Atx=0, f(0)=5x0-3=3

Ili_r.r‘}f(x‘)= Ili_rpﬂ(S.r—3)=5xO-3= -3
lri_l,ra_/'(x}= £(0)

Therefore, f is continuous at x = 0
Atx=-3,f(-3)=5x(-3)-3=-18
\l__ix.nllf(x) = }if“!(i‘f"-)’)z 5%(-3)-3=-18
o lim 7 (x) = 7(-3)

Therefore, f is continuous at x = -3
Atx=5,f(x)=r(5)=5%x5-3=25-3=22
[In}](Y) = lvir,r’g(Sx -3)=5x5-3=22
l\im_f(x) =f(5)

Therefore, f is continuous at x = 5

Question 2:
Ax)=2 - — [ =

Examine the continuity of the function / (x) 2%t =lgtxr=3 .
Answer

The given function is f'(x)=2x" 1
Atx=3,,_f(x)=f(3):2x33 -1=17

. R T " 2_ = 2 o

Ln_rg_/(,\)— ll_rg@x I)-2x3 1=17

< lim f (x)=r(3)

Thus, f is continuous at x = 3
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Examine the following functions for continuity.
. 1
() =y—s  flx)=—Dix%5
(a) f(x)=x=5 (b 5

A=

f(x)= g5 ,X#-5
(o) x+5 (d)
/(x)= "" =3 Answer

£(x)=x-5

(@) The given function is*

It is evident that f is defined at every real number k and its value at k is k — 5.

lim /' (x) = lim(x=5)=k-5= f (k)
It is also observed that, = 72k

sim f(x)= £ (k)
Hence, f is continuous at every real number and therefore, it is a continuous function.

Flo=—;5

(b) The given function is X—=3

For any real number k # 5, we obtain

i 1 i | |
I!{T"”’\)-“I-»IL?,\'—S~k—5
» 1
Also. F (k)= —— Ask =5
so, f (k) Py (As )

cAim f(x)= (k)

Hence, f is continuous at every point in the domain of f and therefore, it is a

continuous function.

2 -
f(x)= X#=5
(c) The given function is X+3

For any real number c # -5, we obtain
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lim /(x)=lim ¥, lim (‘+D)(t—i) =lim(x-5)=(c-5)
N X3¢ _\'+5 L3 X+ X=¢

. \ N
Also, f(¢)= ( +S)}(: 5) =(e-5) (ase#-3)

cim f (x) = f(c)

Hence, f is continuous at every point in the domain of f and therefore, it is a

continuous function.
[5—x, ifx<5

_/'(.\-)=|.x—5[={\_4 ifx>5
(d) The given function is W LRLITAL S

This function f is defined at all points of the real line.

Let c be a point on a real line. Then,c < 50orc=50rc>5
Casel:c<5

Then, f(c)=5-c¢

lim f(x)=lim(5-x)=5-¢

sim f(x)= f(¢)

Therefore, f is continuous at all real numbers less than 5.
Casell:c=5

lilp flx)= lilw](.‘— v)=(5-5)=0
lim f(x)=lim(x-5)=0
Slim f(x) = lim f(x)= f(c)

Therefore, f is continuous at x = 5
CaseIll: c > 5

Then, £ (¢)= £ (5)=c~5
lim f(x)= I_il}l(.\' -§)=¢c-5§
l‘il.nf(.\') = f{¢)

Therefore, f is continuous at all real numbers greater than 5.

Hence, f is continuous at every real number and therefore, it is a continuous function.
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Prove that the function / ( ¥) is continuous at x = n, where n is a positive
integer. Answer

The given function is f (x) = x"

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n)= I_i»m(.\"' ) ="
< lim f(x)=1f(n)

Therefore, f is continuous at n, where n is a positive integer.

Is the function f defined by

£(x) [x, ifx<1
x)=
TE=1s, ifs1
continuous at x = 0? At x = 1? At x =
2? Answer
, [x, ifx<l
fix)=1v. i
fx) |5, ifx>1

The given function f is
Atx =0,
It is evident that f is defined at 0 and its value at 0 is 0.

Then, lim f(x)= limx=0

x—) -

sim f(x)=£(0)

Therefore, f is continuous at x = 0
Atx =1,

f is defined at 1 and its value at 1 is
1. The left hand limitof fat x = 1 is,

lim f(x)= lim x =1

X+l

The right hand limit of fat x = 1 is,
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lim f(x)=1lim(5)=5

x-+| >l
slim £ (x)# lim f(x)
x> >l
Therefore, f is not continuous at x = 1
At x = 2,
f is defined at 2 and its value at 2 is 5.

Then, lim f(x)=1lim(5)=5

~lim £ (x)=1(2)

Therefore, f is continuous at x = 2

Find all points of discontinuity of f, where f is defined by
£ (x f2.\' +3, 1fx <2
F)=10x-3, ifx>2
Answer
& [2.\' +3, ifx <2

.f'(-\')—l ]

The given function f is

It is evident that the given function f is defined at all the points of the real

line. Let c be a point on the real line. Then, three cases arise.
(iYc<2

(ii)c>2

(i) c = 2

Case (i)c < 2

Then, f (¢)=2c¢+3

lim f(x)=lim(2x+3)=2c+3

sim f(x)= f(c)

Therefore, f is continuous at all points x, such that x < 2

Case (ii)c > 2
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Then, f(¢)=2¢~3

lim /(x)=lim(2x- 3)=2c~-3
l'im flx)=f(c)

Therefore, f is continuous at all points x, such that x > 2
Case (iii)c =2
Then, the left hand limitof fat x = 2 is,

‘IHIJ flx)= .IEP (2.\'+3') =2%2+3=7
The right hand limit of fat x = 2 is,
lim f(x)= lim (2 - 3)=2x2=3 =1
It is observed that the left and right hand limit of f at x = 2 do not

coincide. Therefore, f is not continuous at x = 2
Hence, x = 2 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by

\| +3,ifx<-3

6x+2,ifx=3

f(x) =1 -2x,if-3<x<3

Answer

.\'i F3=—x+3, ifx<-3

flx)=5-2x, if -3<x<3
16.\' +2,1fx=3

The given function fis
The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:
If e <=3, then/f(c)=—-c+3
lim f(x)=lim(-x+3)=-c+3

lim (%)= £ ()
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Therefore, f is continuous at all points x, such that x < -3
Case II:

Ife==3 thenf(=3)=-(-3)+3=06

‘Ii_m: f(x)= ‘Iin! (=x+3)=-(-3)+3=6

Iim‘ f(x)= Ili.m' (-2x)=-2x(-3)=6

S lim f(x)= f(-3)

Therefore, f is continuous at x = -3

Case III:

If —3<c<3, thenf(c)=—2cand lim f(x)=lim(-2x)=-2¢

slim £ (x)= f(e)

Therefore, f is continuous in (-3, 3).

Case 1V:

If c = 3, then the left hand limit of fat x = 3 is,

lim /(x)= lim(-2x)=-2x3=-6

X3 X3

The right hand limit of fat x = 3 is,

lim f(x)=lim(6x+2)=6x3+2=20

X3

It is observed that the left and right hand limit of f at x = 3 do not
coincide. Therefore, f is not continuous at x = 3
Case V:

Ife >3, thenf(c) =6¢+ 2 and I_im.)"(_.\‘) = I_im(().\'+ 2) =6c+2
s lim f(x) = f(¢)
Therefore, f is continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
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. —afx#0
/ (_\'): X
0, ifx=0
Answer
U ifx#0
f(x)=1x '
The given function f is 0. ifx=0

v [y == g o=
It is known that, ¥ <0= | =—xandx>0= |x|=x

Therefore, the given function can be rewritten as

i ~lifx<0
X X
f(x)=40, ifx=0
A ¥
b =L I, ifx>0
x X

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife<Q, thenf(c)=~1

lim f(x)=lim(=1)=~I

Sim f(x)=f(e)

Therefore, f is continuous at all points x < 0

Case II:
If ¢ = 0, then the left hand limit of fat x = 0 is,

lnp f(x)=lim(-1)=-1

T

The right hand limit of fat x = 0 is,

lim f(x)=lim(1)=1

x-»{" x>0’

It is observed that the left and right hand limit of f at x = 0 do not

coincide. Therefore, f is not continuous at x = 0
Case III:




Class XII Chapter 5 - Continuity and Differentiability

Maths

Ife>0, thenf(¢)=1

lim f(x)=lim(])=1

sim f(x)=f(¢)

Therefore, f is continuous at all points x, such that x > 0

Hence, x = 0 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
. J L ifx<0

/(x) =1

l“l. ifx=0

Answer

| Ji ifx <0
/(%) =4k
|

The given function f is -1, ifx=0

L | N
It is known that,* = 0= |x|=—x

Therefore, the given function can be rewritten as

f(x) =P ==
1—], ifx=0

= f(x)=—1forallxeR

’ oo Wy IBES0
|

lim /(x)=lim(-1)=-1
Let c be any real number. Then, ** X3

f(e)==1=lim f(x)
Also, &2
Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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o [x+1, ifx 21

P, s

Answer

)= _'[ o+1, ifx=1

The given function f is lf +1, ifx <l

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife<l, thenf(c)=c¢*+1and lim f(x)= im(x" +1)=¢* +1
slim f(x)= f(e)

Therefore, f is continuous at all points x, such that x < 1
Case II:

Ife=1, thenf(c)= f(l)=1+1=2

The left hand limitof fat x = 1 is,

lim f(x) = lim (& +1) =17 +1=2

x| =1

The right hand limit of fat x = 1 is,

lim /(x)=lm(x+1)=1+1=2

s : r—»1

Iin? f(x)=/(1)

Therefore, fis continuous at x = 1

Case III:

Ife>1, thenf(c)=c+l
lim /(x)=lim{x+1)=¢c+1
~im f(x)= £ (¢)

Therefore, f is continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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‘ © -3, ifx<2
o

‘ [.\"+I. ifx>2
Answer

) J‘x-‘—s, ifx<2
¢ '_\' — 7

2 RS NSO o
The given function f is ¥ +1,if x> 2

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <2, thenf(c)=c’~3 and lim f(x)=lim(x* ~3)=c*~3
I\im flx)=f(e)

Therefore, f is continuous at all points x, such that x < 2
Case II:

Ife=2, thenf(c)= f(2)=2"-3=5

lim f{x)=lim(x’-3)=2"-3=5
'Iill_l f(x)=lim(x"+1)=2

I:irjg f(x)= ;(2)

Therefore, f is continuous at x = 2

Case III:

Ife>2, thenf(c)=c" +1

lim f(x)=lim(x" +1) ="+

sdim f(x)= f(c)

Therefore, f is continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real
line. Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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G | T
[.r"—l, ifx<l1

/()

3 l S ifxr=>1
Answer
' P, ifx <]
./(.\‘):J . o
The given function f is l'\’ s ifxr=>1

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife <1, then f(c)=c"~1and lim f(x)= lii_l}ll(x'“ o o i
]l‘il.lkl./'(.l') =i {c)

Therefore, f is continuous at all points x, such that x < 1

Case II:
If c = 1, then the left hand limitof fat x = 1 is,

lim £ (x) = lim (2" =1)=1"=1=1-1=0

x| 1

The right hand limit of fat x = 1 is,

lim f(x)=lim(x*)=1" =1

x=+l ) 1’

It is observed that the left and right hand limit of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

Ife>1, then f(¢)=¢"
lim /(x)=lim(x )=¢
Sdim f(x)=f(e)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point

of discontinuity of f.

Is the function defined by
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#(x) I,\' +5, ifx <1
X)=
| |x=5, ifx>1
a continuous

function? Answer
) x+5, ifx<1
f(x)= {

The given function is x=35, ifx>1

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife<l. thenf'(¢)=c+5and lim /(x)=lim(x+5)=c+5

wlim 7 (x)= f(c)

Therefore, f is continuous at all points x, such that x < 1

Case II:

Ife=1, thenf(1)=1+5=6

The left hand limitof fat x = 1 is,

_liﬂ\ f(x)= 1“"3 (x+5)=1+5=6

The right hand limit of fat x = 1 is,

lim f(x) = lim (x—5)=1-5=—4

It is observed that the left and right hand limit of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

N

Ife>1. thenf(¢)=c-5and lim /(x)=lim(x-5)=c-

i £ ()= £ (c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point

of discontinuity of f.
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Discuss the continuity of the function f, where f is defined by
3, 1f0<x<]

f(x)=44, ifl<x<3

if3<x<10

:Jl

Answer
Js. if0<x<l
/x)= l-l if l<x<3

5,if3<x<
The given function is Bdsysll

The given function is defined at all points of the interval [0, 10].
Let c be a point in the interval [0, 10].

Case I:

If0<¢<l. thenf(c)=3and l“i_ll‘l‘f(x) = lriT-(3) =3
l'il}:l f(x)=1f(c)

Therefore, f is continuous in the interval [0, 1).
Case II:

If e =1, thenf(3)=3

The left hand limitof fat x = 1 is,

iy ()= i (=3

The right hand limit of fat x = 1 is,

i f(x)~ iy (4) =4

It is observed that the left and right hand limits of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

If1<¢<3. thenf(c)=4 and l‘n}l flx)= lqit}j(-l) =4

I‘il:I:I j(\) = _f(c')

Therefore, f is continuous at all points of the interval (1, 3).
Case IV:

If ¢ =3, thenf(c)=35
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The left hand limit of f at x = 3 is,
lim f(x)=lim(4)=4

The right hand limit of f at x = 3 is,
lim /(x)=lim (5)=5

It is observed that the left and right hand limits of f at x = 3 do not
coincide. Therefore, f is not continuous at x = 3
Case V:

If 3<c<10, thenf(c)=5and lim f(x)=lim(5)=5
lim f(x)=f(c)

Therefore, f is continuous at all points of the interval (3, 10].

Hence, f is not continuous at x =1 and x =3

Discuss the continuity of the function f, where f is defined by
2x, ifx<0
f(x)=40, if0=sx<]
[4x, ifx>1
Answer
[2.\', ifx<0
f(x)=40, if0sx<]
The given function is '»4"" ify>1
The given function is defined at all points of the real line.
Let c be a point on the real line.
Case I:
Ife <0, thenf(c)=2¢

lim f'(x) = lim( 2x)=2c
lim £ (x) = £(c)

Therefore, f is continuous at all points x, such that x < 0
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Case II:

Ife=0, thenf(c)=7(0)=0

The left hand limit of fat x = 0 is,

\lli‘(l? f(x)= lnr)\ (2x)=2x0=0

The right hand limit of fat x = 0 is,

£ JA%)= B 0) =0

= lim f(x)= £(0)

Therefore, f is continuous at x = 0

Case III:

If0<e<1, thenf(x)=0and ln:nf(\) = I‘hl\(()) =0
IlilP f(x)=1(c)

Therefore, f is continuous at all points of the interval (0, 1).
Case IV:

Ife=1, then f(c)=f(1)=0

The left hand limit of f at x = 1 is,

lim fx)= lim (0)=0

The right hand limit of fat x = 1 is,

lim f(x)= lim (d4x)=4x1=4

It is observed that the left and right hand limits of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case V:

If ¢ <1, then f'(¢) =4c and lim f(x)=lim(4x)=4c
sdim £ (x) = f(¢)
Therefore, f is continuous at all points x, such that x > 1

Hence, f is not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by
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(=2, ifxs—1
f(x)=92x, if -1<x<1

2, ifx>1
Answer

J'—.'Z. ifx<s—1

f(x)=92x, if —1<x<]
2 if

The given function f is l-. ifx=>1

The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <~1, then f(¢)=-2and I‘lm/(\')= I“iI:l'j( 2)=-2

= lim f(x)=1(c)

Therefore, f is continuous at all points x, such that x < —1
Case II:

Ife=—1, thenf(c)= f(-1)=-2

The left hand limit of fat x = —1 is,

lim fx)= lim (=2)=-2

The right hand limit of fat x = =1 is,

lim, / (x) = lim (2x)=2x(-1)=-2

) LR\
- lim f(x)=rf(-1)
Therefore, f is continuous at x = —1
Case III:
If —1<c<l], thenf(¢)=2¢
&

lim £ (x) =lim(2x) =2

cAim f(x)=f(e)

Therefore, f is continuous at all points of the interval (-1, 1).
Case 1V:
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Ife=1, thenf(c)=f(1)=2x1=2
The left hand limitof fat x = 1 is,

lim f(x)= lint1(2.\') 221 =2
x-21 L=

The right hand limit of fat x = 1 is,

lim f(x)=1lim2=2
y-+|" : 1"

slim f(x)=1(c)
Therefore, f is continuous at x = 2
Case V:

Ife>1, thenf (e) =2 and lim / (x) = lim(2) =2
lim /' (x)=f(c)

Therefore, f is continuous at all points x, such that x > 1
Thus, from the above observations, it can be concluded that f is continuous at all
points of the real line.

Find the relationship between a and b so that the function f defined by
ax+1, ifx<3

flix =[

71x) 1/).?«: 3, ifx>3

is continuous at x =

3. Answer

[ux 4+1, ifx<3

f(x)=
T a3, itx>3

The given function f is

If f is continuous at x = 3, then




Class XII Chapter 5 - Continuity and Differentiability Maths
lim f(x) = lim f(x)=7(3) (1)
Also.

lim f(x)=lim (ax+1)=3a+]
lim f(x)= lim (bx+3)=3b+3
£(3)=3a+]

Therefore, from (1), we obtain
3a4+1=3h+3=3a+1
=3a+1=3h+3

=3a=3b+2

2
= a=bh+—
3

a=hb+
Therefore, the required relationship is given by,

W | b

Question 18:
For what value of 4 is the function defined by
: Alx* =2x). ifx<0
5" -]
4x+1, ifx>0
continuous at x = 0? What about continuity at x =
1? Answer
Alx* =2x). ifx<0
./(.x)={ i B
The given function f is 4x+l, ifx>0

If f is continuous at x = 0, then
lim f(x)=lim f(x)=f(0)

=5 lim A(x* - 2x) = lim (4x+1)= 2(0° - 2x0)

x=»0 yall
= A(0%=2x0)=4x0+1=0
= (=1=0. which is not possible

Therefore, there is no value of A for which f is continuous at x = 0
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Atx =1,
f(l)=4x+1=4x1+1=5
li11l1(4.\' +1)=4x1+1=5

o lim f(x)=7£(1)

Therefore, for any values of A, f is continuous at x = 1

Show that the function defined by g(.\‘) v '\._["‘] is discontinuous at all integral point.

Here [‘] denotes the greatest integer less than or equal to x.

Answer

The given function isg("‘) =ix—[x]
It is evident that g is defined at all integral points.

Let n be an integer.
Then,

g(n)=n-[n]=n-n=0
The left hand limit of f at x = n is,

lim g(x)= lim (x—[x]) = lim (x)- lim [x]=n—(n-1)=1

N

The right hand limit of f at x = n is,
lim g(x) = lim (x—[x]) = lim (x) - lim [x] = n—n=0
It is observed that the left and right hand limits of f at x = n do not

coincide. Therefore, f is not continuous at x = n

Hence, g is discontinuous at all integral points.

(x)=x"—sinx+5
Is the function defined by / ( v) p continuous at x =
p? Answer

(x)=x"—sinx+5
The given function iS'/ (#) =" =sinx
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It is evident that f is defined at x = p

Atx=m, f(x)=f(n)=n"=sinn+5=n"-0+5=1"+5
Consider lim f(x) = !il}}(.\': —sinx+5)

Putx=mn+hr

If x — n, then it is evident that h— 0

s lim £ (x) - .il‘lj(.\‘: sinx+3)

lim| 7+ h) sin(m+/7)+ S‘J

0L

lim( 4 h): limsin(x+/h)+lim5

r—=l) . b—ei)

(x+ 0) Iim[sin xcosh+ cmxsinh] +5
how)

- 1" —limsin tcosh—limcos nsinh+3
|

=% —sinnmecos0—cosasin(+3
x —=0xl=(=1)x0+5
=% +5
2 lim f (x)=f(=x)

Therefore, the given function f is continuous at x = n

Question 21:

Discuss the continuity of the following functions.

(@) f (x) = sin x + cos x

(b) f (x) = sin X — cos x

(c) f (x) = sin x x cos

X Answer

It is known that if g and h are two continuous functions, then

(Y - ‘g .
g+h g—h and gh o o156 continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous

functions. Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real
number. Let c be a real number. Put x = c + h
Ifx->c, thenh—-20
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g(c)=sine
limg(x)=limsinx
= lmsin(c+h)
Ao
= lim[sin¢ccos b+ cosesin
A oD
= lim(sinccosh)+lim(coscsin/)
LY | b0
=sincecosD+coscsin(
=sin¢+10
=sin¢
limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x =c+ h
If x - ¢, then h —
Oh(c) =cosc
lim#h(x)=limcosx

=limcos(c+h)

Si—=l \

=lim [cos ¢cos h—sinesin h]

Jr—l)

= limcosccosh—limsinesinf

el 1=

=cosccos() —sinesin(
=coscx]=sinex()
=Cosc

sAimA(x) = h(c)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(@) f(x) =g (x) + h(x) =sin x + cos x is a continuous function
(b) f (x) =g (x) — h(x) =sin x — cos x is a continuous function

(c)f(x) =g (x) x h(x) =sin x x cos x is a continuous function
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Discuss the continuity of the cosine, cosecant, secant and cotangent
functions, Answer
It is known that if g and h are two continuous functions, then

L h(x)
(). —-
g(x)

(i) L g(x)# 0 is continuous

g(x)

4 I ; . .
(#if) ——, h{x)=0 is continuous

h(x)

It has to be proved first that g (x) = sin x and h (x) = cos x are continuous

. &{x)#0 is continuous

functions. Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real
number. Let ¢ be a real number. Put x = c + h

If x ~?c, then h —>0

g(e)=sine
limg(x)=limsinx
No»l e 1t

=limsin(c+h)

)
= !il}l]l[sin ¢cosh+coscesin l?]
=lim(sinccos h)+ lim (cosesin h)
=sine¢cos0+cosesin0
=sin¢+0
=sin¢
limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x = c+ h
If x ® ¢, then h ®

0O h(c)=cosc
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lim/A(x)=limcosx
=limcos(c +h)
P—{]
= lim[cusvcosh ~sinesin h]
Apl)

=limcosccosh—limsinesink

L L fi=94)
=cosccos0-sinesin0
=coscx | =sinex(0
=C0Ss¢C
Slimhb(x)=hlce)
o
Therefore, h (x) = cos x is continuous function.

It can be concluded that,

1
sinx

cosecy = . sinx # 0 is continuous
= cosecx, x #nn (ne Z) is continuous

Therefore, cosecant is continuous except at x = np, n i Z

| : :
secxy = . cosx # 0 is continuous
CcOS X

=secx, x#(2n+ 1)7_: (7€ Z) is continuous

x=(2n+ l)E (nez)
Therefore, secant is continuous except at 2

COSX

colx = , sinx # 0 I8 continuous

sinx
= cotx, x #nn (neZ) is continuous

Therefore, cotangent is continuous except at x = np, n iz

Question 23:

Find the points of discontinuity of f, where
_JS'“"', ifx <0

x+1 ifx20
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Answer

[ o
flx)=9 «x
The given function f is l"‘ tl, ifx20

It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:

. ] sinc L . (sinx) sinc

If ¢ <0, then f(c)= M€ and lim (x)= hm[ =k J Bl
(.‘ X b S x c‘

~lim f(x)=f(e)
Therefore, f is continuous at all points x, such that x < 0
Case II:
If¢>0, thenf(c)=c+land lim f(x)=lim(x+1)=c+]
l_im f(x) = f(c)
Therefore, f is continuous at all points x, such that x > 0
Case III:
Ife=0, thenf(c)=f(0)=0+1=1
The left hand limit of fat x = 0 is,

fim 7 (x) = lim 5 =1

The right hand limit of fat x = 0 is,
g flzl=limiesl)=)

v lim f(x) = lim f(x)=/(0)

Therefore, f is continuous at x = 0

From the above observations, it can be concluded that f is continuous at all points of

the real line.

Thus, f has no point of discontinuity.
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Determine if f defined by

. ¥ sin l, ifx=0
flx)= x
0, ifx=0
is a continuous
function? Answer
-V A
- x sin—, ifx =0
fx)= x
The given function f is 0 thx=0
It is evident that f is defined at all points of the real line.

Let c be a real number.

Case I:
Ifc =0, then/(c)—c sml
o
1
Ilmf --Iun[\ sm— hm\ ”Ilmsm—J-—-c sin—
N \ N x‘ L'b
hm/( ()= f(c)

Therefore, f is continuous at all points x # 0
Case II:

Ife=0, thenf(0)=0
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. g ufaes LW S e )
lim f(x)= ||m| x°sin ; e Ilmt ¥ sin |
2 ) r—0 |\ .\' J X/

T

; i)
It is known that, —1<sin—<1, x=0

X
0 = o} e
= —-x* <3in—<x*
X
; s | ‘
— hm( »x‘)s’hm} x sin— | <limx”
Lol 4 o‘.\ "'J Ll
4 3 ] \
=0 <lim| X’ sin— [<0
LR \ .\' ‘r
s 1)
= lim{ x"sin— |=0
e-303 1 .\.)

~im f(x)=0
( \

- ouva0s . e 1) (- Y
Similarly, lim /(x)= Ilml x“sin— |=lim| x"sin— [=0
{ el =0\ X/ 1o X))

Iil}l f(x)=/f(0)= Iin) /x)

Therefore, f is continuous at x = 0

From the above observations, it can be concluded that f is continuous at every point

of the real line.

Thus, f is a continuous function.

Question 25:

Examine the continuity of f, where f is defined by

#(x) ] sinx—cosx,ifx=0
X )=
' 1-1 ifx=0

Answer

) J'sin x—cosx,ifx=0
'/("')zl-l ifx=0
The given function f is ¥
It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:
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If ¢ #0, then f(ec)=sinc—cose

lim f(x)=lim(sinx~—cosx)=sinc-cosc
. ! ;

St o
cAim f(x)=f(c)

Therefore, f is continuous at all points x, such that x # 0
Case II:

If¢=0, then f(0)=~1

‘|il.l.\ flx)= l‘il’lAl(sill x—cosx)=sin0-cos0=0~-1=—|

.|il}ll fx)= |‘ivlll(\'il) v—cosx)=sin0-cos0=0-1=~-I|

ln}? f(x) Pigl f(x)=7(0)

Therefore, f is continuous at x = 0
From the above observations, it can be concluded that f is continuous at every point
of the real line.

Thus, f is a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

(kecosx .. m
3 Jifx=—
i n—2x b1
fix)= at x=—
i o n 2
3, ifx=—
2
Answer
[k cosx T
M x#—
RN—LX &

The given function f is

X X=

The given function f is continuous at' ,?ff f is defined at

oA

and if the value of the f

N s
at  2equals the limitof fat 2.
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T /[n) A
x=— Tl ==
It is evident that f is defined at 2 and 2

kcosx

lim £(x)=lim
et (¥) i-8 —2X

T
Putx=—+nh
9

Tt
Then. x — == h—0

\
n
k cos -~+hJ
3 iy . kcosx . 2y
s dim f(x)=lim =lim -
P A J’l’—z.\‘ 30 (Tf A
2 2 n—2{ —+h
k')
o 4
. —sinh k. sinh k k
=klim——==lim——=—.1=-
h—) _')h 2 f» h 2 2

Therefore, the required value of k is 6.

Find the values of k so that the function f is continuous at the indicated point.

) (142 ifvc)
f(ﬂ:{"‘* nERSS atx =2

3 ifx>2

f(_\.):{kx’, if x<2

S
The given function is 3, ifx>2

The given function f is continuous at x = 2, if f is defined at x = 2 and if the value of f

2

5 and/‘(2)=k(2)" = 4k

at x = 2 equals the limit of f at x

It is evident that f is defined at x =




Class XII Chapter 5 - Continuity and Differentiability

Maths

lim f{x)=lim f(x)=f(2)
=> lim (kx*) = lim (3) =44

= kx2' =3 =4k

=4k =3=4k
=>4k =3

3
= k==

kis S

Therefore, the required value of

Question 28:

Find the values of k so that the function f is continuous at the indicated point.

[k\'+l, ifx<m
f{x)= _ atx=m
lcos.\'. ifx>mn

Answer

The given function is

) {/m’+], ifx<nm
flx)=

cosx, ifx>m

The given function f is continuous at x = p, if f is defined at x = p and if the value of f

at x = p equals the limit of fat x =

It is evident that f is defined at x
lim f(x)=lim f(x)=f(m)
= lim (kx+1)= lim cosx =kn+1

X X Xx’

= kn+l=cosm=kmn+l

=kn+l==1=kn+l
o)

> k=——
yis

kis -

Therefore, the required value of

P

p and*

H

f(n)=kn+1
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Find the values of k so that the function f is continuous at the indicated point.
[kx +], ifx<3

S atx=35
l.n‘—), itx>5

f(x)=+

Answer
[k.\' +1,1fx<5

flx)= g
The given function f is 13""” ifx>5

The given function f is continuous at x = 5, if f is defined at x = 5 and if the value of f
5

at x = 5 equals the limit of f at x

It is evident that f is defined at x = 5 and / (i) =kx+1=5k+1
lim f(x)=lim f(x)= /(5)

= lim (kc+1)= lim (3x~5) =5k +1

> S5k+1=15-5=5k+1
=54+1=10
=5k =9
9
= k==
d
9
kis —.
Therefore, the required value of 5

Find the values of a and b such that the function defined by
9 ifx<2
/(\) =cax+h,if 2<x<10

21, ifx=10

is a continuous function.
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Answer
[5, ifx<?2
/(\) = 10.\' +h,if2<x<10

2 if v
The given function f is 21, i x210

It is evident that the given function f is defined at all points of the real
line. If f is a continuous function, then f is continuous at all real numbers.
In particular, f is continuous at x = 2 and x =

10 Since f is continuous at x = 2, we obtain

lim f(x)=lim f(x)=7(2)

= lim (5)= lim (ax+b) =5

=5=2a+b=35

=2a+b=5 (1)

Since f is continuous at x = 10, we obtain

lim f(x)= IT.] f(x)=7(10)

x>0 :

= lim (ax+b)= lim (21) =21

y=10 x-107

= 10a+b=21=21

=10a+b=21 (2)

On subtracting equation (1) from equation (2), we
obtain 8a = 16

sa=2

By putting a = 2 in equation (1), we

obtain2 x2+b=5
>4 +b=>5
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>b=1

Therefore, the values of a and b for which f is a continuous function are 2 and
1 respectively.

Show that the function defined by f (x) = cos (x2) is a continuous
function. Answer

The given function is f (x) = cos (x2)

This function f is defined for every real number and f can be written as the

composition of two functions as,

f=goh,whereg(x)=cosxandh(x)=x2

[ (goh)(x)=g(h(x))=g(x")=cos(x’ = /(\)}

It has to be first proved that g (x) = cos x and h (x) = x2 are continuous
functions. It is evident that g is defined for every real number.

Let c be a real number.

Then, g (c) = cos c

Putx=c+h

Ifx—¢, thenh—0

hm g(x)= lxm cosx

= !im cos(‘c +h)

i

= lim[cnsc cosh—sinesin h]

fi-a0

=limcosccoshi—limsincsinh

fi— fe-30

=cosccosO—sinesin0

Therefore, g (x) = cos x is continuous function.
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h (x) = x>
Clearly, h is defined for every real number.

Let k be a real number, then h (k) = k°

lim /#(x) = limx* =&

o lim h(x)=h(k)

Therefore, h is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined atc, if g

is continuous at c and if f is continuous at g (c), then (f o0 g) is continuous at c.

f(x)=(goh)(x)=cos(x*)

Therefore, is a continuous function.

lcosx

Show that the function defined by J (\) = l is a continuous

function. Answer

The given function i/ (x) =|eos x|

This function f is defined for every real number and f can be written as the

composition of two functions as,

f=goh, Whereg(.“‘) :1" and i(x)=cosx

[ (goh)(x)=g(#(x))=g(cosx)=|cosx|= /(\)]

(x)=|x and h(x)=cosx

It has to be first proved that & are continuous functions.

2(x)=x| can be written as
—x, ifx<0
g(x)= {

(x, ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:

If ¢ <0, then g(¢)=—cand limg(x)=lim(-x)=-¢

'..i,'l’f*’("') =g(c)
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Therefore, g is continuous at all points x, such that x < 0
Case II:

Ife¢>0, theng(c)=cand limg(x)=limx=c
l‘_ir’l:!g(x):g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

If¢e=0, theng(c)=g(0)=0
Iilp glx)= Iirp( x)=0

‘In‘n e{x)= .Iin} (x)=0

' lil'l.l £(x) Im.\ (x)=g(0)

Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all
points. h (x) = cos x
It is evident that h (x) = cos x is defined for every real
number. Let c be a real number. Put x = c + h
If x - ¢, thenh —
O0h(c) =cosc
lim h(x)= limcos x
=limcos(c+ h)

= lim [cos ¢cos h—sinesin h]

Jr—()

= limcosccosh—limsinesin A

fr=3() fa=>)
=cosccos() —sinesin(
=coscx]=sinex()
=cose

sAimh(x) = hc)

Therefore, h (x) = cos x is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at c, if g
is continuous at ¢ and if f is continuous at g (c), then (f o g) is continuous at c.
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f(x)=(goh)(x)=g(h(x))= g(cosx)=|cos x|

Therefore, * ! is a continuous function.

sin x|

Examine that is a continuous function.

Answer
Let f(x)=sin|x|
This function f is defined for every real number and f can be written as the

composition of two functions as,

f=goh, Whereg('r) zl"'l and /(x)=sinx

: (goh)(x)=g(h(x))=g(sinx)=[sinx|= f(\)]

and i1 x)=sinx

It has to be proved first that q(x) - l.x' are continuous functions.

2(x)=x| can be written as

g(»\')={

—x, ifx<0

v, ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:

Ife <0, then g(¢)=-cand lim g(x)=lim(-x)=-¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ife¢>0, theng(c)=cand limg(x)=limx=c¢
limg(x)=ge)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(e)=g(0)=0
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lim g(x)=lim(-x)=0
X4 x—0
lim g(x)=lim(x)=0
Al x>
s lim g{x) = lim (x)=g(0)
() -0 " :
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all
points. h (x) = sin x
It is evident that h (x) = sin x is defined for every real
number. Let c be a real number. Put x = c + k
If x - ¢, thenk —
O0h(c) =sinc
h(e)=sinc

limh(x)=limsinx
X% N

=limsin(c+k)

Ll

=lim [sin ccosk + coscsin k]
A2l

=lim(sinccosk )+ lim(cosesin k)
s 4

h -0
=sinccos0+cosesind
=sinc+0

mce

=5
L limh(x) =g(e)

Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at c, if g
is continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

f(x)=(goh)(x)=g(h(x))=g(sinx)=|sinx|

Therefore, is a continuous function.

Find all the points of discontinuity of f defined by J {\) = ['\‘|—I"‘+ I .

Answer

f(x)=|x—|x+1

The given function is
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The two functions, g and h, are defined as
g(x)=|x| and 2(x)=|x+]|

Then,f=g—-h

The continuity of g and h is examined first.
2(x)=x| can be written as

g(-\")={

—x, ifx <0

x, ifx=0

Clearly, g is defined for all real numbers.

Let c be a real number.

Case I:

Ife <0, then g(¢)=-cand lim g(x)=lim(-x)=-¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ife¢>0, theng(c)=cand limg(x)=limx=c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0

Case III:

Ife=0, theng(c)=g(0)=0
'Inp glx)= lir“l.] (-x)=0

'In]‘) g(x)= !ilp)(,\') 0

Iinll glx)= lir? (x)=g(0)

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

h(x)=|x+1| can be written as

h(.\'):{—(‘r‘"lL if, x < -1

x+1, itx=—1

Clearly, h is defined for every real number.
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Let c be a real number.

Case I:

Ifc< 1. then h(c)=—(c+1) and limh(x) = ljn_x_[—(x+ I)J =—(e+1)
simA(x) = h(c)

Therefore, h is continuous at all points x, such that x < —1

Case II:

Ife>~1, then A(¢)=c+1and limh(x)=lim(x+1)=c+1
s Aimb(x) =h(c)

Therefore, h is continuous at all points x, such that x > —1
Case III:

Ife=—1, then h(c)=h(-1)==1+1=0
lim A(x)= lim [-(x+1)|=—(-1+1)=0
N K=p=] = -

lin} h(x)= lim (x+1)=(=1+1)=0
lim A(x)= lim h(x)=h(-1)
b= -1

Therefore, h is continuous at x = —1

From the above three observations, it can be concluded that h is continuous at all

points of the real line.

g and h are continuous functions. Therefore, f = g — h is also a continuous

function. Therefore, f has no point of discontinuity.
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Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

sin(x* +5)

Answer

Let f(x)=sin(x* +5). u(x)=x"+3, and v(r) =sin¢
Then, (vou)(x)=v(u(x))=v(x*+5)=tan(x* +5)= f(x)
Thus, f is a composite of two functions.
Putr=u(x)=x"+5

Then, we obtain

% = %(sin 1) =cost = cos(x* +5)

(i[ d 2 &2\ d 2 d <\ st 2 Y e

e E(Y +3) = E(t )+E(D) =2x+0=2x

Therefore, by chain rule, i—f = % : ‘—:’— = cos(x"+ 5)x 2x =2xco0s (x'2 + 5)
ax (¢ ax : :

Alternate method

a5l

X

Question 2:

Differentiate the functions with respect to x.

cos(sin x)
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Answer

Let f'(x) = cos(sinx),u(x)=sinx, and v(r) = cost
Then, (vou)(x)=v(u(x))=v(sinx)=cos(sinx) = f(x)
Thus, f is a composite function of two functions.
Putt =u (x) = sin x

Cdv
Cdt
di

dy,
— =—(sinx)=cosx
dx  dx

d ; o
= —|cost|=—sint = —sin(sinx
dl[ ] i sin(sinx)

d/' dv dt 5 . S ;
—_ = —.— = —sin(sinx)-cosx = —cosxsin(sinx)
By chain rule, éx  di dx

Alternate method

: [cos(sin \'):| = -sin(sinx)- Z (sinx)=-sin(sinx):cosx=-cosxsin(sinx)
fx X

Question 3:

Differentiate the functions with respect to x.

sin{ax +b)

Answer

Let f(x)=sin(ax+b), u(x)=ax+b, and v(r)=sint
Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)= f(x)

Thus, f is a composite function of two functions, u and v.

Putt=u(x)=ax+b

Theretore.

dv ¢

— =—(sint)=cost =cos(ax+b

dt dr( ) ( )

dar d d d .,
—=—(ax+b)=—/(ax)+—(b)=a+0=a
dx (f\'( ) (i\'( ) cir( )

Hence, by chain rule, we obtain

{({_dv dt

e = cos (ax + b) -a=acos(ax+b)
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Alternate method

%[sin(ax+b)] = cos(ax+b).i(ax+b)

dx
=cos(ax [ 2 -
B il i_dx( ) dx(b)}
=cos(ax+b).(a+0)

=acos(ax+b)

Question 4:

Differentiate the functions with respect to x.
sec(tan(\[\j))

Answer

Let f(x)= sec(tan v’;),u(x) =Jx,v(r)=tant,and w(s) = secs

Then, (wovou)(x)= w[\.-'(u(x))} = w[v(\,[;)] = w(tan \,/;) = scc(tan \/;) = f(x)

Thus, fis a composite function of three functions, u, v, and w.

Puts=v(s)=tans and r = u(x)= Jx

Thei, 2= 4 (secs)=secstans =sec(tans).tan(tant)  [s=1an/]
ds ds”
scc(l:m \/':)-mn(lun JT) ll z JT
ds d A s
£ - Z (tant) = sec’ 1 = sec’ Vx
dt (/{( )
dt d \/_ LY g L |
= X)=—|x? |==x? =—
dx «l\'( ) dx | } 2 2Jx

Hence, by chain rule, we obtain
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dt _dw ds dt
dx ds d! dr

= sec(lan \/.r,-lzm(um\/;)x sec’ \/: X _,j/._
2Vx

- $0C° /:scm.(tanv\ )mn(tam/r)

7\/,
sec’ \tseg(ldn\/‘—)l.m(l;m\/_)
2Jx

Alternate method

[ seetan i) | =see{tan x).an( an x)- £ (tan \/_)
55 ) 2 0
= see(tan /x )-tan (tan/x ) sec’ (Vx ) .
sec(tan Vi )1an(tan\/;)sec( J)

Question 5:

Differentiate the functions with respect to x.
sin(ax+b)

cos(ex+d)

Answer

sin(ax+b)  g(x)

The given function isf i cos(ex+d)
h (x) = cos (cx + d)
e 2h -:gh.

h
Consider g(x)=sin(ac+5)
Letu(x)=ax+b,v(r)=sint

Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)=g(x)

h(x) , where g (x) = sin (ax + b) and
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~ gis a composite function of two functions, uand v.

Putt=u(x)=ax+b

%=%(sin!)=cost=cos(cu‘+b)

dtd d d ;
LI N, SR YL S
dx (i\'((n ) dr(av) dx() ¢ ¥

Therefore, by chain rule, we obtain

dg dv dt
=2 = =cos{ax+bh)-a=acos(ax+h
£ dx dt dy (L )a He ( )
Consider A(x)=cos(cx+d)
Let p(x)=cx+d. g(y)=cosy

Then,(gop)(x) =q(p(x))=g(cx+d)=cos(cx+d)=h(x)

~his a composite function of two functions, p and g.

Puty=p(x)=cx+d

(_j_‘l - i(cos_v) = —Sin Y= —Sin(('.\'+([)
dy dy

(hr ‘j ; (1 (1

- X + d = X )+ ] =G
de dx (CY ) dx (m) dx (c ) ‘

Therefore, by chain rule, we obtain

hl= b 99.50P., —sin{ex +d)xe=—esin(ex+d)
de dy dx
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. acos(ax+h)-cos(ex +d)—sin(ax+b)|-csin(cx+d)}
[cos(cx+d)]z
sin(cx+d) 1

_acos(ax+b)

+esin(ax+b)-

 cos(ex+d) cos(ex+d) cos(ex+d)
=acos(ax+b)sec(ex+d)+esin(ax+b)tan(ex+d )sec(cx+d)
Question 6:

Differentiate the functions with respect to x.
cosx’.sin”(x")
Answer

3 ¢ 5
. .. cosx .sinT(x
The given function is ( )

g\:[COS,\'-‘.sinl (.Y’)J=Sil)2 (X'i)xg‘—:(COSX})*I—C{)Sxe ;j\:[sin: (_r-‘):l

= gin’ (xi)x(~sinx3)x %(x")+ cos x” x 2sin (x’)- ‘_id_([sin x'*:]

. + 2 s 2 . 5 3 S s
= —sinx’ sin (.1' )x3x +28Inx CoSX -COSX x—(x )

dx

Y . 3 w3 5 - ) 5 3
=—3x"sinx’-sin” (\ )+ 2sinx’ cosx” cosx” x5x*

=10x* sinx” cos x° cosx” — 3x° sin x” sin’ (.\'5)

Question 7:

Differentiate the functions with respect to x.

2, #cot (%)

Answer




Class XII Chapter 5 - Continuity and Differentiability Maths

;—I‘:[Z‘fmt(.\':)]

=2 ﬂﬁ X “I—i[cm(.\" )]
Asin (.r:)

cus‘(Ax_";)' % ~cosec” (x°)x ;‘Iir (x%)

- sin(x:) - I «(2%)
VC()S(.I':) sin’ (x*)

-2X

-

—3

\/cos X% Jsin x° sinx®
242«
\/2 sinx’ cosx’ sinx’
—2\/5 ¥

sinx* \/sin 2x°

Question 8:

Differentiate the functions with respect to x.
cos(v%)

Answer
Let f(x) = cos(\/.\_')
Also, let u(x)= Jx
And, v(7) = cos!
Then, (vou)(x)=v(u(x))
()
= cosvx
= f{(x)
Clearly, f is a composite function of two functions, u and v, such that

t=u(x)=+x
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£ 1\ |

it d r~ d |
Then, — x| = X¥|==x12
o ux (1.\' ( h ) l/.\' t J

And, dlv = Lj(cosl)- -sint
dr

al
= --sin(v(;)
By using chain rule, we obtain
dl_ ® ,‘hf dt
dy df dy

sin(+/x - .

= (‘/_) 2x

2_2_:[:“"(&)

_o(i)
2Jx

Alternate method

i[cos(\/;)} = —sin(\f;)-dd—( ’?)

dx

B —sin\/;
2Jx

Question 9:

Prove that the function f given by
S(x)=|x=1

Answer

"ol Ris notdifferentiable at x = 1.

The given function isf(x) =[x=1, xeR
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It is known that a function f is differentiable at a point x = c in its domain if both
fle+h)-fle . c+h)—f(e

lim = ( ) - () and lim f-(L )=7(¢)

b0 h =5 h are finite and

equal. To check the differentiability of the given function at x =
1, consider the left hand limit of fatx = 1

_ S(+m)=7 (1) . 1+h=1=1-]|

Iim = lim !

b-ot h h=o) h

. |/) -0

= lim
h » I,

it

~}
lim ,' (h<O0=h=-h)
e’ i

Consider the right hand limit of fat x = |
FO+8)-70) . N+h=1l-)1-1
n = lim

lir
| N h b h
h=0
: lim|’ = lim 2 (h > ()= h| : h)
[N h Mol /,

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x
=1

(x)=|x[.0<x<3,
Prove that the greatest integer function defined by J ( v) [‘]‘( ks is

not differentiable at x = 1 and x = 2.

Answer

f(x)= [.“].0< x<3

The given function f is

It is known that a function f is differentiable at a point x = c in its domain if both

. fle+h)-Fle o fle+h)-1(e

lim = ( ) = ( ) and lim - ( )= ( )

sai ! W= h are finite and equal.

To check the differentiability of the given function at x = 1, consider the left hand limit

offatx =1
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b0 '

N-20 h

, 0=-1 . -l
=lim——=lim—=m,
U /] bl h

Consider the right hand limit of f at x =1
1+ k)= f(1 T+ h|~]]
lim fli+h)- 71 '):Iin‘[ : ,/] []
’ ald '

h-20 h

= lim =2 = lim0=0
Jr) h ool

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable
atx =1

To check the differentiability of the given function at x = 2, consider the left hand
limitof fat x = 2

lim f(2+h)- f(2) < Jii [2 t h] [2]

b-s0 h fo==0 h

o =2 ge=l
=lim——=lim—=

w0 /] h-oQ) /]

Consider the right hand limit of f at x =1

(2+h)- (2 2+ h|=]2
Iim” +h)=-J1 ’zlim————[ ’] []
A0 h el I

22
= lim =lim0=0

Jral) h "

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x
=2




Class XII Chapter 5 - Continuity and Differentiability Maths

3
Find dx :
2x+3y=sinx
Answer

The given relationship is 2x+3y=sinx

Differentiating this relationship with respect to x, we obtain

d g 2 d
—(2x+3y)=—/(sinx
ci\‘( y) c/.\‘( )
— d (2x)+ d (3y)=cosx

dx dx

243 --1:1-' =COosX

dx
’»ﬂ =cosx—2
dx

dy
Find 9 :
2x+3y=siny
Answer

x4+ f = Qi )
The given relationship is <"~ 3y =sin)

Differentiating this relationship with respect to x, we obtain

d d d
—(2x)+ —(3v)=—(siny
d,\‘( Y dx ) dx (sm})
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; 1y 2 3

=24 351'l =cosy [By using chain rule]

dx dx

dy

=2=(cosy-3)—

: dx
Ay 2
Tdx cosy-3
Question 3:

dy
Find dx :
ax+by” =cosy
Answer
The given relationship isax+by” =cosy
Differentiating this relationship with respect to x, we obtain
d d ) d
(ax)+—(by" )= Ccos y

d\'( ) d.!( V) d.x'( ¥)
:>u+hi(_r'.):i(cos_\') (1)

dy’ dx

d s dy . y
y)=2y ‘ (cosy)=~sin _rd" 2)

Using chain rule, we obtain dx dxand dr dx

From (1) and (2), we obtain

a+bx 2."'9—! =—sin 1d_‘
dx dx

= (2by +sin 1’)d—l =-a
: dx

. g;_'_ —d
Cdx 2by+siny

Question 4:
dy
Find 9 :

ww+y =tanx+y
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Answer

The given relationship is®' +.V" =tanx+y

Differentiating this relationship with respect to x, we obtain

(1 2 (1 X g
= (.x): +y )= E( fanx+y)

d d 3 d dv
= - )+ v =—(tan x )+ =
o - (g
- (l A (1_\' (l.v 2 (IJ' . .
=S| vi—(x)+x = |+2y— =sec ¥+ — [Usmg product rule and chain rule]
o - dx dx
=>v-l+.\'.ﬂ zvﬁ=sc:‘+ﬂ
' dx T odx e

Ldy _ sec’x-y
Ty (x+2y-1)

Question 5:
dy

Find dx :
X +xp+ =100
Answer

The given relationship is* T TV = 100

Differentiating this relationship with respect to x, we obtain
d

A 3
;‘_-(.r‘ +XY+ Y ) = (100)

’ dx [Derivative of constant function is 0]
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=2x+ |iy- Z (x)+x- d)} +2y 6. 0 [Using product rule and chain rule]
dx dv | odx
=2x+y-| +x--‘é" +2y dv =0
dx T odx

3

:>2x+y+(x+2y)% =0

Ldy _ 2x+y

dx  x+2y

Question 6:
dy
Find ¥ :
3 2 2 3
X 4+xy+xy +y =81
Answer
. . .. -1+r2~+\-cl+ )1—81
The given relationship is¥ * X V+ X+ =

Differentiating this relationship with respect to x, we obtain

d 3 2 3 3 d
3 oy - 3 = P )= I
H(x +XTPHIY 4 ) (Tx(s )

dx
d d (.2 d oav, 4y
= E(.r’)+ T x }!)+E(1y )+ —(K(‘ )- 0
= 3%+ [\ L (x? ) +x° £{Y]+ [_\>3 2 (x)+x o (3 )] +3y° ¥ _g
dx dx ddx dx dx
= 3y’ +[y- 2x5+x° g}:j| + |i__v" 4 x:2y- fh-'} +3y° & =0
dx dx dx

= (.\‘2 +2xy +3y° )gl + (sz +2xy+y* ) =0
fx

dy (3 +2+y7)
ve Zi\: - ('\-1 + 2“\:‘/‘_’_ 3"'))

Question 7:
_@
Find dx :

sin y+cosxy=m
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Answer

The given relationship is $1N" V' +Cosxy =17

Differentiating this relationship with respect to x, we obtain

:1’1\' (sin" y+ oos.x;v) = :i,r (7)

: 7 d
= “y)+—(cosxy)=0
:>dr(sm ¥) d"(ws,\})

Using chain rule, we obtain

d g B 3
== (sm‘ y) =2s8ny—— (gm y) =28 ycos y 14
dx dx o

‘%(cos xy)=-sin .\:\»‘%(.ﬂ’) =—sin xy[y%(x) +X%J

. [— dy . . dy
=—sinxy! p.l+x—— [=—ysinxy - xsinxy—
L dx dx

From (1), (2), and (3), we obtain

: dy : g dy
2sin ycosy ~d~'~ — ysinxy - xsin n—j =0
X dx

- . dy .
= (2sin ycos y—xsinxy)— = ysinxy
y€os) Y) e
»

: ; d ;
= (sm 2y —xsin .\'v)— = ysinxy
J Y e~ - 1

cdy ysin xy

dx sin2y—xsinxy

Question 8:
i
Find 9 :
sin” x+cos” y=1
Answer

The given relationship is 5" x+4cos’ y=1

)

2

¥

Differentiating this relationship with respect to x, we obtain
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d ) , d
sin? x+cos2 y) = 1
e (sin® x+cos” y) o (1)

" ::\_(sin" .\') : :llr (cos*® 'r) =0

: d /. 1
= 2sinx+—(sinx )+ 2cos y- f (cosy)=0
ix dx :

dx
" a : dy
=> 2sinxcosx+ 2cos y(~siny) = =0
dx
‘o 2w @Y
=>sin2x~sindy—-=0
X

_dv  sin2x
dx sin2y

Question 9:
i‘_’
Find dx ;
. |( 2,\' ]
y=sin ,_
|+ x°

Answer

2

Vv =sin '( \_]
The given relationship is l+x

A .'( 2.\' ]
V' =SIn ~
’ l+x°

A 2x
= siny= .
1+ x~

Differentiating this relationship with respect to x, we obtain

11.(5&”): d[ 2x ]

dx de\ 1+,
:cns}'ﬂ = il-{ i ] (1)
de  de\1+x )

2x u
The function, I+x , is of the form of ¥

Therefore, by quotient rule, we obtain
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2 1 d 2
d( 2y ) (I+x’).;—r(2x)—2x-b;(l+x‘)

) (I +x° )3

(I+.\'2).2—2x-[0+2.\'] - 24+ 2% —4x* - 2(l—x")

(I+x2)' (l+x?)3 (l+x3):

; 2x
sin y = .
Also, 1+x

E 1+x°

-(2)

= Cosy = \/l —sin® y =, [1-

:J(I—x:): _ I—.rf (3)

(l+x:)- 1+ x°

From (1), (2), and (3), we obtain

e
T |y
= | =
(9 .
I

-2 dy_2(1-%)

1+x° dx (lﬂ_:)-‘

dy _ 2
dx 1+x°
Question 10:
Find dx :
y=tan"' 3'\'—'\':' ,—L<.\-<L
1-3x° \[‘; Ji
Answer

(3x-x°
1-3x°

p= tan"[
The given relationship is
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1 § 3.\‘ g \‘3
¥=tan 5
1-3x"
3'._'.? )
=tany = S (1)
1-3x*

v ¥
3tan; —tan -
tan y = 2 el

N,
|-3tan™ -
3

(B

)

It is known that,
Comparing equations (1) and (2), we obtain

y
X =tan =

Differentiating this relationship with respect to x, we obtain
a
dx

d( Vv
X)=—/[ tan=
(x) | m‘;)

_dy 3

i l+x°

Question 11:

dy

Find @

a

¥ =¢os '[ .r: J.O <x<l
X

l+x

Answer

The given relationship is,
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f B
of I=x
¥ =008 —
l+x
|—x°
= COS V' = <
’ - X
- 4
| —tan 2
7 l-x
—_—
¥V 1+x
|+ tan
n

On comparing L.H.S. and R.H.S. of the above relationship, we obtain

W

tan = =x
2
“

Differentiating this relationship with respect to x, we obtain

Question 12:
dy
Find @ :

: X’
V=sin"' _ |, 0<x<]
1+5=

Answer

1-x°
1+x°

V¥ =sin '[
The given relationship is
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oo [ F=%°
y=sin'| —
1+x°

. I=x*
=>siny=——
|+ x°

Differentiating this relationship with respect to x, we obtain

T

dx I+x

Using chain rule, we obtain

di, dy
—(sin y) = cos y+ =
dx Vi

cosy = \/l ~sin’ y

(|+.r")"—(l--x"): = 452 _ Tk
l+.r:)-' (l-s-x")! I4x°
2xdy -

( Ll l+\ dx ~A2)

r,_‘) (145°)(1-¥°) (1-w)(1n)

dx|\ 1+x (I+x)

| (145 )(=2x) = (12" )-(2x)
(I +x7)
-2x-2x" - 2% +2x
(I+.\‘: )
—x
= e -(3)
(H.r')

From (1), (2), and (3), we obtain

[Usmg quotient rulc]
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2x i _ —Ax
1+x° dy (|+.1‘:):
dy -2
= -
de  1+x

Alternate method

y .,(l—x'

“ - =7
. | —x"
SIN ) = =gt
= 1+ x°

= (1+x" )siny=1-x"

= (14sin y)x* =1-siny

2 I "Sin v
=X = -
l+siny
y .y
COS~ —SIn -
, 2 2
=X =-
) TR
COsS ™ +sin* |
2 2)
Vi nc Y
COS = —Sin -
3 )
= X= = =
Y -
COS™ 48sIn-
5 )
"
|-tan-
-
2 X= -
-‘.
| +tan
2
(n v)
> x= lan‘ ~z |
4 2

Differentiating this relationship with respect to x, we obtain
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d d (n y
(%) = s tant»r- -z J
dx dy 4 2

:hmr(l_l}i[i_l]

4 2) deld4 2
:»l=[l+tan"(£—'-‘: . ——I—‘f‘—]
L 4 2 2 dx,
:1:(|-~.\-f)[—-'»--‘.’-l'
2 dx
dy =2
=
dv 1+x°
Question 13:
@
Find dx :
V'=cos ’( 2x,],—l<x<l
I+x°
Answer

.[ 2x ]
V=Cos 2
The given relationship is L+x

o 2x )
V= COoS =
| +x°

2x

=cosy= -
| +x°

Differentiating this relationship with respect to x, we obtain

i(cosy)= 4 ( i )

E‘ [+x°

2\ d o.d .
=>—siny-ﬂ=(l+'1 ) dx(zx) # dr(“x )

dx (l +x° ):
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Question 14:
dv
Find dx :
| I
=sin' 2x\Il-x2), L g o
o B W
Answer

v =sin '(2x\}l—x2 )
lationship is

3 =sin (2x\/1-.\-f)
= siny= 2xV1-x

Differentiating this relationship with respect to x, we obtain
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-

dy

d 3 T dx |
2|y (VI-22 )+ - =
e dx Ltd.r(\/ r )+J B dx |

s ady X =2 =
:,fl—sn' f——=2| =, +yl=x
TR dx [2 ,/]-x-‘ 3 ]

- JI ~(2e1-2 )7 & [—_-5—*—"—*—]

1-x
1y 1-2x°
=(1-2¢%)==2
(-2) -2l 2
dy 2

Question 15:
dv
Find d :

G 1 ) 1
V=58¢" | =—— . 0<x<c—
: [2x'—1 J2
Answer

=)
v = sec n
. 2x -1

The given relationship is

(=)
V= Ssec 5
. 23" =1
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1

2x" -1

=>secy =

-

= cosy=2x" -]

= 2x" =1+¢08)

= 2x* =2¢08" *

! -

o -

v
= X = C0S ;—

Differentiating this relationship with respect to x, we obtain

d d ¥
—(x)=—/| cos=
dx dx 2
i l5)
D l==sm=:—| =
2 dx\2
-1 1 dy
et
sin?, 2
2
dy -2 -2
7 TR .
' sin 1-cos?2
£ 2
dy -2
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Differentiate the following w.r.t. x:

X
Ve

sinx

Answer
P
Let sinx
By using the quotient rule, we obtain

dv sinx 1 (e'" )-e' :;; (sinx)

. ol
dx sin~ x

sinux.(e' )—e'-(cosx)

sin” x

¢ (sinx—cosx)
= axEnmmnel

Sin” x

Differentiate the following w.r.t. x:

s

L)
Answer

1
S X

LetV =€

By using the chain rule, we obtain
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(I| t/ ot
a— ¢
ll\ ‘[.\" )
:"‘r—; ' '-‘l(.sin x)
dy dx
s I
=0 . = "
Vi—x
= ('iH ‘ =
VI-x
(/' (S s
2 = ve(-1.1)

Show that the function given by f(x) = ezx is strictly increasing on

R. Answer

Let¥ 204 % pe any two numbers in R.

Then, we have:

x> 2y sye ety f ()< f %)

Hence, f is strictly increasing on R.

Differentiate the following w.r.t. x:

C’.'»

Answer

Let V=€

By using the chain rule, we obtain

d)‘ _ d

_a e_‘,:. ) et

(/_\ dx

3

d

dx*

x ) =e" 3x =3x"¢"

Differentiate the following w.r.t. x:

sin(tan ')
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Answer

Let_v=sin(tan e )

By using the chain rule, we obtain

dy _dr. TS
E—E[sm(tan Le )]
X d X
:cos(tan le )-E(tan 'e )
| d
= tan e Yor—— =5 X
cos( an e ) l+(e" - dr(‘ )
cos(tan" e /
e g
e cos(tan‘l e"')
- 1+e™ x(—])
=g cos(tan™'e™)
- 1+
Question 5:

Differentiate the following w.r.t. x:
log(cose‘ )
Answer

Let? ™ log(cose‘ )

By using the chain rule, we obtain

dy d et )]
— ”J_;[lol““m" Ll

| iy
- C‘,M’;"—h"(t()bt )

- l :'( Si[]t")';;i;(L")

COS¢

~sine'

I

- . ‘l
cose’

‘ v o n
=-¢ une e :(2n+l)-;,neN

=
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Question 6:
Differentiate the following w.r.t. x:
e +et +..tet

Answer

((f‘ +eé" +..+e )
dx :

(7 I d (- { (G d d (s
L (o L (o L ) ()

e N T

= +(e"= x2_\')+(€‘} x3x")+(e" ><4.\'3)+(e"‘ xS.\tJ)

=e" +2xe* +3x%¢" +4x'e” +5x'e"

Question 7:

Differentiate the following w.r.t. x:

e x>0
Answer

LetV ~ \/‘_

-

Then, ¥ =¢€

«x

By differentiating this relationship with respect to x, we obtain
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2 Jx
y =e
dy d ; .
= 2p—=—=g"* (_(J’;) [ By applying the chain rule]
dx dx
= 7}’ d." _ e"'.; ] ]
T dx 2" Jx
dy e’
—
dx 4_v\/.;
S
dx 4 f e\.-'..\' \/;
d g )v‘;
< A =. x>0
dc 4\ xe™
Question 8:

Differentiate the following w.r.t. x:
log(logx).x>1

Answer

Lety = log(logx)

By using the chain rule, we obtain
dy d
—=—/log(log x

—-[log(log x) |

dx
5 & @ (logx)
logx dx
11

logx x

o
xlogx
I

x>1

Question 9:
Differentiate the following w.r.t. x:

COS X
x>0

log x
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Answer
__cosx
Let  logx

By using the quotient rule, we obtain

d ~
cos x )x log x —cosx log x
(cosx)xlogx—c \xdx(‘ gx)

v _ dx
dx (logx'):
—sinxlog x —cos.xx l
= X
(logx)’
—|xlog x.sin x + cos
= [v g\wu1 r],x>0
x(logx)
Question 10:

Differentiate the following w.r.t. x:
cos(logx+e"),x>0
Answer

Let? T OB (logx+e*)

By using the chain rule, we obtain

, : d
%‘; ~ —sm(log.\we")-z(log-" 45 "'()

= -—sin(Iogx+e‘)'(%(log.\‘)+%(_e')

|
[ =

= —sin(log.r+e" )-(lﬂz"' J
X

= [Lyg \!sin(log.\-+c.>"),.\->0
\x )
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Exercise 5.5

Question 1:

Differentiate the function with respect to x.

COS X.COS 2x.€os 3x

Answer

Let y = cos x.cos 2x.cos 3x

Taking logarithm on both the sides, we obtain

log y = log(cos x.cos 2x.cos 3x)

= log y = log(cosx) + log (cos 2x) + log (cos 3x)
Differentiating both sides with respect to x, we obtain
1 dy 1 d 1 d 1
e N e RN
dy |:_‘sin.§' _sin2x d (25}~ sin3x d (?\)}

= = ‘\;

dx cosx cos2x dx cos3x dx

dy 4 "
——I':— = —COSX.COS 2x.c08 3x [tan x+ 2tan2x +3tan _m']
dx
Question 2:

Differentiate the function with respect to x.

J (x—1)(x-2)
(x—3)(x—4)(x-5)

Answer

% v=\/ (x-1)(x¥-2)
= N (x=3)(x-4)(x-5)

Taking logarithm on both the sides, we obtain
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ogy=log | C0E=2)
oy ETET

o] (-DG-2)
L\' 3(\—4)(1: ‘5)

= logy = 5[log{(x— 1)(x-2)}-log{(x-3)(x—4)(x-5)} |

=logy=

l\)l—-

=logy= %[log(x—l)+log(.t—Z)—log(.\'—3)—log(x—4)—log(.t—5)]

Differentiating both sides with respect to x, we obtain

1 d 1 d 1 d
BLESL. 200 T B, SR PR
Ldy _1 ..\‘-l d\'(\ ) \‘—-2 dr A-4) x=3 dv(A )
y dx 2
: B LY (58
x—4 (l'\’( ) (‘ )

dy v 1 | 1 | | )
e A< [ R — — =
dy 2\ x-1 x-2 x-3 x—-4 x-5

'51'_‘_{_1 (x-0(x-2) [1+1_|_1_1]
e 2\(x=3)(x—4)(x- 5)lx-1 x-2 x-3 x-4 x-5

Question 3:

Differentiate the function with respect to x.

(logx)™
Answer
Lety =(logx)™"

Taking logarithm on both the sides, we obtain

log y = cos x-log(log x)

Differentiating both sides with respect to x, we obtain




Class XII Chapter 5 - Continuity and Differentiability

Maths

%%‘\_ = %(COS,\')’X' log(log x)+cos.xx %[Iog(log x)]

1 dy !
= —.— =—sinxlog(logx)+cos xx
¥ dx ; log x

2L y| —sinxlog(logx) + DR
dx ) 7 logx x

d
—(log x
dx(og,x)

%‘_ = (log .r)“"'[ CO3F _sinx Iog(log.\')}

dx xlogx

Question 4:
Differentiate the function with respect to x.
-‘_.t . 2.-m!
Answer
Lictyssit =2
Also, let x* =y and 2°™* =
Ly=u-v

dy  du dv
3 RS i Lo

de dx  dx

X

u=x
Taking logarithm on both the sides, we obtain
logu = xlog x

Differentiating both sides with respect to x, we obtain

1 du d d
~ AU (x)xlogx+ xx-2(log:
Lix(\)x 0gx+\xdx(ogv)j‘

u dx
du |
=u|Ixlogx+xx
dx X
— G =x"(logx+1)
dx ‘ :
du
= —=x"(1+logx)
dx
V = 2sinx

Taking logarithm on both the sides with respect to x, we obtain
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logv=sinx-log2

Differentiating both sides with respect to x, we obtain

1 dv diy.
——=log2:—(sinx)
v dx dx
dv
= -—=vlog2cosx
dv
& s
= —=2""cosxlog2
dx
dy
S——=x"(1+logx)-2""cosxlog2
Question 5:

Differentiate the function with respect to x.
(x+3) (x+4) (x+5)

Answer

Let y=(x+3) .(x+4) .(x+5)’

Taking logarithm on both the sides, we obtain
log v =log(x+3)’ +log(x+4)\‘ +log(x+5)’

= log y =2log(x+3)+3log(x+4)+4log(x+3)

Differentiating both sides with respect to x, we obtain

lﬂ:l—] i{r+3)+3- )
v dx x+3 dx

i(x+4)+4-—l -i(.r+5)
x+4 dx x+35 dx

dv 2 3 4
D=yl —
dx x4+3 x44 x+45

:dy (‘(+.a) (\+4 (1+5
dx

3 4 ]
X+ \+4 \+5

[ (\+4 Jx+5)+3(x+3)(x

+5)+ (\+3)(.r+4):|
(x+3)(x+4)(x+5)

= L = (x43)(x+4) (x+5) [ (2% 924 20) 4+ 3(x" + 8x+15) +4(x* +7x+l")]

s = (x4 3)(x+ 4)2 (x+ 5)3 (9.\'3 +70x+ 133)
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Differentiate the function with respect to x.

I\\ ll&ﬂll
(.\'+—J +x Y
} 5,9

Answer

. i
|
Also, let u = ( X - l andv=x '
\ X )

S y=uty
oD _du dv (1)
dy  dv dx

f
Then, u :‘ X+—
\ X /J

( 1)
= logu=log| x+— '
\ X))

P

= logu = xlog| x+
1 * el

Differentiating both sides with respect to x, we obtain
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l_du_ d

= -(.r)xlog(aw : ]+xx ¢ Iog[x+ l]
u dv x dx x

| du ( |] 1 d( l)
= ——=Ixlog| x+— [+ XX —| X+~
" X [ IJ clx X
X+
X

dn
=

dx
X+

]

=

=3

=
priv—

=

+
o —
 ~—

+

— |
=

p ——— |

X
Y T

|
- -
Mt

du (1) ( ) -
=D ——=|x+—| | log| x+— |+ =g
dv x X ( | )
X+

dn 1y 1) x* -1
=—=|x+ log| x+— |+
dx X X

du 1Y | x* -1 &
=D = X+ —+log| ¥+
dx x) [ x+1 X

[ 14
]

y=x
[}

:lngv:log[.\' : ]
|

= logv=|1+~ |logx
x)

Differentiating both sides with respect to x, we obtain
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1 dv [df, 1) o VY
c—= | 1+ Jxlog.ﬂ 1+~ |-—logx
v dy |dv\ x x ) dx
| dv [ 1 ] [ | ] I
= ——=| —— llogx+| 1 +— |-~
v dx X X)) x
oy, Jogw L1
v dy X XX
= dy e '-l_ogxf.\wlh
dx | 4
» 7o I | P
L. ( x#1—logx ] -(3)
dx Y

Therefore, from (1), (2), and (3), we obtain

X X 2 ['“ 1 ' . . .
ay :(.r+l] x, : +log[x+lJ +x Y (—'\ i ,IOg" J
dx x) [ x +1 x ¥

Question 7:

Differentiate the function with respect to x.
(logx) +x"*

Answer

Lety=(logx) +x"*

Also, let u = (logx)” and v = x"*'

Ly=u+Y

de dv dx

u = (log x)X

(1)

= logu = log[(log r)}
= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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s ‘i(.r)x log(log .r)+.\'- d ['“S(I“S ‘)]

u dx

dn |
= —=u|Ixlog(logx)+x-—— f-(lugx)

dx log x dx
i =(logx) | log(log r)+ o —l]

dx | logx x
= s (logx) Iog(log r)+ J

dx log x

_ lug( log x)-log x+1

! = (log x)’ .

dx | log x

du -1 .
= —=(logx 1+ log x.log(log x -

= (togx)"" [1+log x.log(log 1) (2)
—

= logv=log(x"")
= logv=logxlogx = (log.r)'.

Differentiating both sides with respect to x, we obtain

1 dv d

—— 1

v dr dr[( ogx)]
L T T (]og\-)
v dx
dv

= — =2v(logx) —
= v( ogx) =

ﬂ gyl log x

dx x

z% 2x" " Jog x «(3)

=2

Therefore, from (1), (2), and (3), we obtain

‘_1;'_‘ =(logx)" ) [l +log x.log(log r)] +2x" " log x
dx

Question 8:

Differentiate the function with respect to x.




Class XII Chapter 5 — Continuity and Differentiability

Maths

(sinx)" +sin”' Jx

Answer

Lety =(sinx) +sin"' Vx

Also, let u =(sinx)' and v=sin ' Jx
LS URY

dv du dv
— = -

(1)

dx  dc  dx
u = (sinx)
= logu = log(sinx)’
= logu = xlog (sin x)
Differentiating both sides with respect to x, we obtain

= ‘l‘% = ‘%(r)x log (sin x)+xx %[log(sin.r)]
du L. .4
. l-log{sinxy) 4+ x:———e—(siny
:)d.r u[ og(sinx)+x ST d‘_(sm \)]

=2 L8 (sinx)’ [log(sin x)+ = -cos.r]
dy

.
o -

= ‘—j’i = (sinx) (xcot x + logsin x) w(2)
dx

v=sin' Jr

Differentiating both sides with respect to x, we obtain

v 1 1
dx  Jl-x 2\/;
cjv_ |

: -

o {3)

Therefore, from (1), (2), and (3), we obtain

dy: ;. ks g 1
——=(sinx) (xcotx+logsinx)+ ————
e g ==
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Question 9:

Differentiate the function with respect to x.

M (sinx )™
Answer
Lety=x"" +(sinx)"

un s ’ 00 1
Also, let 1 =x""" and v =(sinx)
LY=UAY
dv du dv
— 3

+ ey |
dy dx dx ()

u=x
=> logu = log(x™")
= logu=sin xlog x

Differentiating both sides with respect to x, we obtain

ldu d,. ; d
— sinx)-log x +sinx- log x
u dx dx( ) = dr( ex)

du . ]
= —=u|cosxlogx+sinx-—

dy X
du s sinx

=>—=x""|cosxlogx+ (2)
dx x

v=(sinx) "

= logv = log(sinx)™"’

=> logv = cos x log(sin x)

Differentiating both sides with respect to x, we obtain




Class XII Chapter 5 - Continuity and Differentiability Maths
ldv d ) d _
——=—/(cosx)xlog(sinx)+cosxyx—/| log(sinx
= g, (cosx) xlog(sin) - Llog(sinx)]

dv " ; 1 iy
= ——=v|-sinx.log(sinx)+cosx--————(sinx)
dx ! sinx dx
| - . COS X
= — =(sinx) [—snr1.\'log5|n.r+ - cosx]
x sinx
= — =(sinx)™"" [-sin xlogsin x + cot xcos x|
X

= & (sinx)™" [cotxcos x—sinxlogsin x|

dx
From (1), (2), and (3), we obtain
d)" Shx sin x < 08X ) 4
o =X cosx logx+=—= |+(sinx)"" [cosxcotx—sinxlogsin.x]
by X
Question 10:
Differentiate the function with respect to x.
XC0sx »'T:. -*i‘l
=]
Answer
ACUN 2 “:: +l
Lety=x""" 45—
x =1
Lia '\.: * I
Also, let w=x"" and v= :
X' -

SyEU4Y

dy du dv
— ;. = — -+ — ...( l)
de dx dx

AN 2

u=Xx

= logu = log (x™" )

= logu = xcosxlog x

Differentiating both sides with respect to x, we obtain
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ldu d d d
= (x)-cosx-logx+x-—(cosx)-logx + xcosx- - (logx)
ude dx dx dx
du | R |
= —=U| lcosx-log x+ x+(=sinx)log.x+ xcosy-—
dy L X
| E— '
= —— =x"""(cosxlog x — xsinxlog x + cos x)
dx
du e I ) -
= — = x| cos x(1 + log x) - xsin xlog.x | A(2)
dx _ _
2+
V=
x-~1

= logv = log(x* +1)~log(x* 1)

Differentiating both sides with respect to x, we obtain
ldv  2x B 2x
vade x¥*+1 x—1

dv 2.\*(.\'2 —I)—2.\r(x3 + I)

= dx ' (x" +l_)(.x3 —1')
dv _ X +1 » ~4x
dc x" -1 (x"+l)(x"’—l)
dx (x2 —l)'
From (1), (2), and (3), we obtain
dy _ dx

2

e [cosx(l +log x) - xsin xlog .\'] B (,—)
i —1

dx

Question 11:
Differentiate the function with respect to x.

|
(xcosx)" +(xsinx):
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Answer
I
Lety =(xcosx) +(xsinx):

Also, let u = (xcosx) and v = (xsin x)-
LY=U+Y
@ jak e (1)
de dx dx
u=(xcosx)

)
= logu = log(xcosx)

= logu = xlog(xcosx)

=> logu = x[log x+ logcos x|

= logu = xlogx + xlogcos x

Differentiating both sides with respect to x, we obtain
ldu d

A i g(xlogx)+%(xlogcosx)

::% = u[{Ing-g;(x)+x-%(logx)}+{logcosx"g;(-")"'x"‘%("’gcosx)}’]

du N I ‘ ] d
— S X 1 pe s — {3 10 vl i —— i — 3y
= (XCO‘;A) |:( 0g X X J { 2COS X X (COSA)}]

COs X

du ¥ X .
= —=(xcosx) |(logx+1)+1logcosx+————:(—sin
dx R [( L) { geos cosx( J)H

du

2= (xcosx)"[(1+logx)+(logeosx — x tan \)]
= ‘:: =(xcosx)'[1-xtanx+(logx+ logcosx)]

o ‘:: =(xcosx)’ [l -xtanx+|0g(-\’c(’s")]
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\’:(.\'sinx):

J
= logv = log(xsinx):
= logv = 5 log (xsinx)
x
= logv= I~(Iog.\‘+lugsin x)
x
I | ;
= logv=-—-logx+-—logsinx
x x

Differentiating both sides with respect to x, we obtain
ldv _d

A rl.loyx +-d ]-]or(sint)
vde del x = de| x -
Lav [ - .d ( l]
=>——=|logx-—| — |+
vdx | dx\ x X dx
—;}lﬁ_-]og r.(_L].g.l.l + Io)(sin x)-[——I—J-f-l-L-i(Sl‘n\‘
vae | 0\ X)) xx 2 ) xosinx kv

s 1 TSR
9%%=%(1—Iogx)+[— og(szml)+ ] ~cos.x]

X Xsinx

= |-

X

7

1 i - - — o1 . 5
:d = (xwsinx)« | l(:g.\+ Iog(sm.})+xcou]

.%(logx)}-k[log(sin .x-)-:l—lt(lj+l-di{log (sin -T)}]

3 RS xf

o O (.\'sinx)l!v [1-logx— log(fin x)+xcot .\-]

dx ] v
- dv _ (.vsin.v)i 1 -log(.\'sin1.r)+xcotx] 0)

dx i x
From (1), (2), and (3), we obtain

: g .\ !| xcotx+1—log(xsin
%4"“’5")' [l —xtan x+log (xcosx) |+ (xsinx)s [ REDEAT xzog("s'" X)
Question 12:

dy
Find dx of function.
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Answer

The given function is*® *V =!

Letx =uandy = v
Then, the function becomesu + v =1

% un + L 0 ={(1)
dx  dx
u=x

= logu = Iog( v’ )
= logu = ylogx

Differentiating both sides with respect to x, we obtain

L log x & y ~ (logx)
u dx . de U dx 8-
1 [ y 1}
—=u|logx—+y-—
(74 X X
du ( dv
=x'| logx—+ A2
dy e de X I ( )
‘v - ‘V'

= logv=log(y")
= logv=xlog y

Differentiating both sides with respect to x, we obtain

~i 2] —(x)+x-—(logy
v ody dr(ly‘ dx( "")
dv [ 1 dy
= —=v| logy-1+x:——
dx y dx
dv xdy
= —= " log y + —— 3
de ” ( = b dx] ()

From (1), (2), and (3), we obtain
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( i ‘) ( x dy]
x| logx—=—+= |+ " logy+=— |=0
A 3

\ dx L v dx
= (.\"" log x + xp*! ) j’i =- (}:\""" + " log }’)
cdy "+ y logy
Yae X log x +xy'ﬁ
Question 13:
Find ¢X of function.
yr=x"
Answer

ph= x>

The given function is-
Taking logarithm on both the sides, we obtain
xlog y= vlogx

Differentiating both sides with respect to x, we obtain

d d d d
]011’- J+x-—(loeyv)=1lo X (V) + yvo— log x
gy —-(x)+x—(logy)=logx-—(y)+y-—(logx)
| dy dy |
Dlog]"'l+.\"—~—-'—=|0gx.;.'.y,_
» dx dx X
:>|0g_)'+£‘—1’ﬁz|0gxﬂ+;"i
ydx dx x
X d}.' V
=| —=—logx |[—==—logy
¥y de x

x-ylogx |dv y-xlogy
s —_— |
¥y dx X

.iix_;\:{y—xlogy
Tde x| x—ylogx

Question 14:

v

(cosx)" =(cosy)
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Answer

The given function is(cos't) ={cta)

Taking logarithm on both the sides, we obtain
vlogcosx =xlogcos y

Differentiating both sides, we obtain

log cos x- Y . v i(log cos.x) = log cos 3 i(m) o (logeos v)
dx dx dx dx

ay 1 d 1 d
= logcosx—+ y- ~—(cosx)=logecosy-1+x-——-——(cosy)
dx cosx dx cosy dx
dy 7 . X . ty
= logcosx =+ s (~sinx)=logcos y+ ———(~siny)-—-
dx cosx Cos ¥ dx

dv dv
=> logcosx—— ytanx = logcos y— xtan y —
dx dx

dy
= (logcosx+xtan y) ~i = ytan x+logcos y
dx

. dy ytanx+logcosy

dx xtany+logcosx

Question 15:
dy
Find dx of function.

YV = ()( EE |

Answer

Y = ,(_._”
The given function is * = ¢

Taking logarithm on both the sides, we obtain
log(xy)= log(e" ‘)

= logx+logy=(x—y)loge

= logx+logy=(x-y)xl

=logx+logy=x-y
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Differentiating both sides with respect to x, we obtain

¢ d d dv
—(logx)+ —(logy)=—/(x)-—
dx((é ) dx( gy) d_\_( ) o
L @
X ydx dx
f YoRs
:>I l+le;)_|_l
\ ¥)dx X
|/,1'+1Wdy x—1
= | = =
\ ¥y Jdx X
dy v(x—1)
dx  x(y+1)

f(x)=(1 +.r)(l+.\"’)(l +xt)(1+x%)

Find the derivative of the function given by’ and hence

find f'(l)
. Answer
£x)=(1+x)(1+27) (142" ) (1+ )

Taking logarithm on both the sides, we obtain

The given relationship is*

log f(x) = log(1+x)+log(1+x")+log(1+x*)+log(1+x")

Differentiating both sides with respect to x, we obtain
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1 d - . d 1 i d
. ‘[,/ (r)] = lo&(l+x)+ ¢ log.,(l-f X))+ ;‘_ |og(l+x")+m log(l+.r3)

_f(x) dx

1 d A 1 d | d F

o L AT x —{14x? 1 —{l+X
(Y) () 1+ x dx +7‘).‘_Hx: dx( ~H’)+1+x' (i\(+ ) | (+l)

)= )[ : i : =2x+ - +——]— 8\]

+x° 1+ x* 1+x°

.'.f'(.\‘)=(l+.\‘)(l+x2)(l+.\‘*)(l+,rs)[ ] + 2.r1+ 4_\.'J+ S'l',sjl

I+x 14+x° 1+x I+x

Hence, ./"(|)=(1+1)(1+1’)(1+1")(1+1")[ L gl i +3X1Z]

I+1 141 1+ 141

2R B2
sie (l+2+4+8]
2
i wiidl
2

Question 17:

L x " 3 3 §)
e +8)(r T RoRR )in three ways mentioned below

Differentiate (
(i) By using product rule.

(ii) By expanding the product to obtain a single
polynomial. (iii By logarithmic differentiation.

Do they all give the same

answer? Answer

Lety=(x"—5x+8)(x’ +7x+9)

()
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lLetx —5x48=nandx’'+7x4+9=v

SLy=uv

:% =%-v+u~% (By using product rule)

4 =i(v3—5t+8)-(x"+7x+9)+(x3—5x+8)-i(x;+7t+9)
dy dx\ ] dbx '

= % = (2x—5)(x" +7x+9) +(x* —5x +8)(3x° +7)

= jz =2x(x" +7x+9)-5(x’ + 7x+9)+2° (32" +7) - 5x (3+" +7) +8(3+" +7)

= Z’ =(2x* +14x7 + 18x) ~5x* =35x~ 45+(3x* +7x3)—|5x-‘ ~35x+24x" +56
A%

—?— =5x" = 20x" +45x* = 52x +11
X

(ii)
Y= (.1r2 = 5.1'+8)(,\"" i 7xv9)
=y (x] +7x+ 9) o 5x(,\r1 +7x+ 9) + 8(.\'“ +Tx+ 9)
=x  +7x 4 9x7 =53 =35x7 — 453+ 8x" 4+ 563+ 72
=x" =53 #15x° =267 +11x+ 72
LAy _d
Ty

(x" =5x" +15x" =267 + 11x+72)
dx

=4 ()5 ()15 ()26 L () 11 ()4 L )

_\' dx dx dx
=5x" =5x4x" +15x3x7=26x2x +11x1+0

=5x* —20x +45x° - 52x+11
(i) ,1'=(x”—5x+8)(x“+7x+9)
Taking logarithm on both the sides, we obtain

log y = log(x: —5x+8)+ log(x* + Tx+9)

Differentiating both sides with respect to x, we obtain
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Vdy _d 2 erar)a d )
)’dx_dtlog(" S"+8) dx Iog(" +7"+9)
S 'd(":'s'”s)*’ ; | -d-(.\"+7,\u9)
X +7x49 dx

ydx x =5x+8 dx

:d'?‘=y{ ; ) x(2x=5)+ l -(3.\"‘+7)jl

dy | ¥ —Sx+8 X +7x+9
) _f.s . [ 2x-5 I +7
:Q:(x‘—5x+8)(x' +7x+9) = ‘_ - L
dx | X" =3x +8 Xx +7x+9

(2x i)(x‘ +Tx+9) +(3x° +7) (¥ ~5x+8)

d.‘;'_ Y ’ ) 3
:'d.\' ~(.r S5x 1-8)(1 .7.r+9) (.’c:-ﬁ.t+8)(x"+7.\'+‘))

J% :2.\'(.1" + 7.\'+9)—5(_\" + 7x+9)+3_\"'(1: —5.\'+8)+ 7(.:’ ~Sx +8)
dx

= ‘f’ =(2x' +14x" +18x)-5x" -35x- 45+ (3"‘ -15x + 24":) +(7": ~35x+356)
dx
=P 53200 1455 —52x411

dx

From the above three observations, it can be concluded that all the results of

afv

dx are same.

Question 18:
If u, v and w are functions of x, then show that
d du dv dw
—(u.v.w) = — VWA U — W+ UV, —
dx dx dx dx
in two ways-first by repeated application of product rule, second by
logarithmic differentiation.

Answer

Lt ¥ = HVW= w.(v.w)

By applying product rule, we obtain
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fg = %.(mr) +u. %(V W)

dv  du [ dv duv}
=== --v-\r+uL b
¢

g (Again applying product rule)
ax ax

dx

dv  du dv dw
=S =y WA U — WYY
dv  dx dx dx

By taking logarithm on both sides of the equationV = #-V-W  we obtain
log vy =logu+logv+logw
Differentiating both sides with respect to x, we obtain

1 dv d . ood d
- v—= logu )+ logv)+—(logw
y dx dx( gu) ci\‘(’ ev) dx( gw)
1l dv ldu ldv 1dw
=S A ST R R
y dx wudx vdx wdk
dx “\wudc vde wdx
ldu 1dv 1 dw)
+ +

dy
=D = UV ——F——F——
dx ude vde wdy

dy u dv dw
S = e VWA U WA T Ve
de  dx dx dx
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If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find :l: .

x=2ar’, y=at'

Answer

. . c=2at’ r=at’
The given equations are* = 2¢f~ and y = at

Ix d 5 - RV
'l'hen.i = ‘—(Zm" ) = 20-‘—(1‘ ) =2a-2t =4at
dt dt ' dt’

d".=i(al4)—‘a-i(l'l)=u~4~r; =dat’
dr dt dt’

4
cdv Lt _4at’ _

o [d.r ' dat
dr

If x and y are connected parametrically by the equation, without eliminating the
dy
parameter, find dx

X =acos B,y =Dbcos

0 Answer
The given equations are x = acos B8 andy = b cos 0
. x 1
Then, L (—(acos()) =a(-sin@)=-asind
de do
@ i(b cos@) = b(—sin@) =—bsin@
df do”

¥
. dy _\d@) -bsin@ b

“dx (dx) —asin@ a
. da J
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If x and y are connected parametrically by the equation, without eliminating the

o
parameter, find dx
X =sint, y = cos 2t
Answer

The given equations are x = sint and y = cos 2t

: dae d g
lhen, — =—(sint)=cost
dt di

ﬂ)—.=£I—(cos.-’-.ar)=—sin 2!-(—1(21):—2511121

df dt di
(dy
dy L dlt -2sin2t —2-2sinfcos! .
A e = = =-4sin¢
dx [ dx cos/ cost
df J

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dx
4
x=4, y=—
!
Answer

The given equations are ¥ =4/ and y = 7
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& _4 (4)=4

dt dr

, s >
ﬂ-‘lf J:.‘ ‘!Ll):.‘(_l]:—:‘
dt dr\ dt ] r

(b /4"
. dy \,} :IIJ L r ] -_l

Question 5:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find d_\ .

x=cosf —cos20, y =sin@—sin20

Answer

The given equations are ™ = cost —cos 20 and y = sin @ —sin 26

Then, L- = i(cos a)- i(cos 26)
do do do
= —sin@ —(~2sin260) =2sin 20 - sin @
D _ 4 (0D sin28) =2 (sind) -2 (sir28)
do da do do

—~2c0s260

\d() _ 058 ~2cos28
£ d\ [  2sin20-sind

Question 6:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx

x=a(f@-sind), y=a(l+cosd)
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Answer

The given equations are™ a(@-sin@) and y = a(1+cosd)

Then,ﬁ = (1{—(!—(9)—-1(sin0)} =a(1-cosB)
de de de

A ETONCTR BT

dy

[-—-) . —’7sin9Cos‘9 —cosg

.dy _\do)__ -asin® 22 "9 ok

" [gl}g ) a(l—cos@) s’ é sinq 2
dé 2

2

Question 7:

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find ¢ .
sin’ ¢ cos’ t
b A— s Y=
Jeos 2t Jeos 2t
Answer

sin’ ¢ cos’ t
X=—— and y =
The given equations are ~ VC0s2f Veos2t
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de d| sin't
Then,—=—
dr dt [ Jeos 21 ]
Jeos2r - d—(sin’l)-sin’ ‘- @ Jeos 2t
" dr dr
cos

: dy. vy | d
Jeos2r - 3sin’ 1 1)-sin'z .~ (cos2t
5 cos2r - 3sin d’(sm) Ly oo d’(ws )

cos 2t

n't
3\/C( -sin’ rcost — A =2sin 2t
-J 08 21 { )

cos 2t
3cos sin’ 1cost+sin’ rsin2s
€08 2+/cos 2

dy d| cos't

z-z[m]
Joosar. 4 o (cos' 1) —cos’ - ——(J_)

cos 2t
\/ s$2.3c08" 1+ —-(cosl) cos' s, J_ dl(cos.‘Zl)
cos2t
|
3 2t.cos 1{—sint)-cos' - (-2sin2¢
J (—sint)- K =y ( )
cos 2t

_ —3c¢os2r.cos” 1.sint +cos’ 15in 2
cos 2f -Jeos 2/
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dy
_dy _\dt) -3cos2t.cos’t.sinf+cos’ 1sin 2

Cdx [dt) 3cos2tsin’ rcost +sin’ 1sin 2t
dr

~3¢os 2. cos”£.sint +cos’ 1 (2sintcost)

3cos2rsin® rcost +sin’ 1 (2sint cost)

sinf cost [—3 cos 2f.cost +2cos’ 1]

sin!cost[3cos2r sinf+2sin’ l]
[—3(200821—1)%51 +2¢os’ r] cos2r = (2cos’ 1 - I),

7 [l’u(l—Zsin2 t)sint+25in‘l:] cos 2f =(I - 2sin:l)

~4cos’ 1+ 3cost
3sins —4sin’7

~cos 3 cos3t = 4cos’ 1 —3cost,
sin 3t sin3f = 3sins —4sin’ ¢
=—cot 3t

Question 8:

If x and y are connected parametrically by the equation, without eliminating the
d‘.

parameter, find dx

I -
xX= a(cosr - logtan—], y=asint
5
Answer

§ 3
xX= u(cosr +log tan——] and y = asinf
The given equations are 2
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Thcn.-d-‘ =a- L-I-(cost) = [lnglan -l ]
di di 2

dt
i | d {
=@ -sinf+——-—| tan -
L dr 2
tan .
L 2
( st dft
=al-sinl+cot - .se¢c” —-
2 2 dr\2
[ ')\,
cos | |
=gl -sinf+ 5 K
7 s D
sin cos
2 2
. |
= | —sinf+ -
{ {
2smn cos
2 2
|
=qal =sinf+——
sin/
-em 21 +1
s/
'—’ll
simnts
d) d .
a—(sinz) = acost
dt di
dy
dy dt acost sinf
 —= — = =tanfs

d {(l\‘) [ cos’t| cost
= a
di sint J

Question 9:

If x and y are connected parametrically by the equation, without eliminating the

d}'

parameter, find dx

x=asecl, y=htan@
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Answer

The given equations are* = asect and y =btan

Then, 2= i(sect?) =asecOtand
do deo

) d 2
i:b-—(wn0)=bsec‘0
deo do
5
.-,‘b"z.de,z il =-bsec()cotl9= bcosl? =b-" .] =bcosecf)
dx [dx] asecftand a acosfsind a sind a
do
Question 10:

If x and y are connected parametrically by the equation, without eliminating the
2

parameter, find dx

x=a(cos@+0sind), y=a(sind—EOcosh)

Answer

The given equations are™ = a(cos@+0sin@) and y = a(sin@—0Ocos)

Then, L. a{icoso +i(()sin ())] = a[—sin0+ Oi(sin Q) +six10—d—(())j|
do de de de de
=a[-sin@+Ocos+sinf| = ab cos
Lol a[i(sinﬂ)—i(ﬁcose)} =a c050—{E)i(cost?)a—cosﬂ-i(é)}
do | do do " do do
=afcos® +0sin0 - cosd|
=afsind

»)
Ldv _\do) aBsind

T dx [dl') " afcosh

=tan @

do
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Question 11:

-t e | 7 VvV
x=\/a‘"‘ b y=\/a‘°“ ', show that -C-h‘—-=—‘—
If dx x

Answer

i sin 't — m
The given equations are* = V@ and y =va
x=va™ ' andy=\a™ "'
|

|
:)x___(uuu l)? and",___(u.m c)?
1 ' )
‘lll) J N
=Xx=a and y = ¢*
|,
Consider x = a?

Taking logarithm on both the sides, we obtain

k»g.\'=%sin"llogu

.'.l-f-tlz-l—logu-i(sin"l)
x dr 2 dr
:£='—"Ioga-

dr 2 =2

dx  xloga
b =

di .Z\h--li

Then, consider y =a*
Taking logarithm on both the sides, we obtain

1 '
log y= S cos tloga

e .
Ty odve

1 di
SIOQU"T’(LOS l)

:Q_'__\'loga.( -1 )
dr 2 \\ﬁ—l:J
=& _Splga

di 21-¢°

-
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¢ d}-‘] [—yloga]
Ldy _\ar 2J1-1* ¥

T [ d.\‘] ( xloga \| oy
[ 3
({’ 2_\” _,- J

Hence, proved.
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Find the second order derivatives of the function.
X +3x%2
Answer

s =y +2
Let" =X +3.\' <

Then,

iIl=i(x3)-«~i(3x)+[—1 2)=2x+3+0=2x+3
dx  dx dx dx

22 Y s i) Fin s By 516
dx  dx dx dx

Find the second order derivatives of the function.

20

X

Answer
Let ." = .\,.J
Then,

‘t‘_:_ i 20\ 19
¢—lx = dx('\ ) 20x

LAY 4 (505) 220 L (%) = 20.19- 5" = 380x"

Tde dx dx

Find the second order derivatives of the function.
X-COSx
Answer

LetV =X-€OSX

Then,
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ly ; ;
:—1‘; = ‘%(.r‘cos.r) = CoSX" %(x)+x%(cosx) = cos a1+ x(—sinx)=cosx—xsinx
“ley = %[cosx —xsinx]= %(cos x) - %(.rsin x)

= —sinx —[sin .r~—‘di—_(x)+ .\'-(—([‘,;(sin \)}

=—sinx—(sinx+xcosx)

=—(xcosx+2sinx)

Question 4:

Find the second order derivatives of the function.

log x

Question 5:

Find the second order derivatives of the function.
x'log x
Answer
3
LetV =X logx

Then,
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.“% =% .x-‘ |0gx] = I()gx.%(.\"‘)t\"‘ -%(Ing.r)

P 3 l 2 3
=logx:3x"+x -—=logx-3x" +x
X

=x"(143logx)
&y _dr.a
:1—\—‘=¢.1\~‘[x (l+3|og.\')]
d s , d
=(1+3logx) —(x* )+ x* —(1+3log.
(1+3logx) d‘_(‘f) X (i\’( og x)
=(|+3Iog.r)-2.t+.\"'~—3—
X

=2x+6xlog x+3x
=5x+6xlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.
e’ sinSx
Answer
LetY =€ sin5x
2‘; = ;lx (e sin 5x) = sin 5x- :; (e°)+e j’( (sin5x)

’ . d y
=sinSx-e" +e" -cosSx-Z(Sx)= e sinS5x+e*cos5x-5
3

=e"(sin5x + 5cos 5x)
Zx} = c‘Zr [e" (sin5x+ 5cos S.r)]

= (sin5x+ 5cos 5x)- ddx () +e :; (sin5x+5cos 5x)

=(sin5x+5cos5x)e” +e" [cosSx- [% (5x)+5(-sin Sx)-%(Sx)}

=& (sin Sx+ 5cos Sx)+e* (5cos Sx—25sin 5x)

Then, =e"(10cosSx—24sin5x) = 2¢" (Scos Sx—12sin 5x)
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Question 7:

Find the second order derivatives of the function.
e cos3x
Answer

LetV =¢"" cos3x

Then,
‘{." . 7d (66.\‘ ‘COS;_X) i cos:;x. ,d_ (es.\') +e().\- . d (0033'\')
dx dx : dx dx
OHx d ax d
=cos3x-¢™ . —(6x)+e™ - (—sin3x)-—(3x)
dx dx
6e™ cos3x —3e™ sin3x (1)
i’y i . . el
‘:L\:f = i\: (666* cos3x—3e* sin 3x) =6 ‘Z (e“’ cos3x) 53 :j‘: (e‘” sin 3.\')
= 6-[ 6e* cos3x—3¢" sin 3.\*] -3 ~'isin 3x ;—:(e’) +e" -%(sin 33‘)‘ [ Using (1)]
=36¢" cos3x—18¢" sin3x - 3[sin 3x-e* +6+e" +cos 3:{-3]
=36¢™ cos3x—18¢" sin 3x —18¢™ sin 3x — 9™ cos3x
= 27¢™ cos3x— 36" sin3x
=9¢* (3cos3x—4sin3x)
Question 8:

Find the second order derivatives of the function.

tan”' x

Answer

Lety =tan ' x

Then,
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dy d i [
—=—1{tan .\‘)= =
dx  dx 1+x°
Ay _df 1 )_da oy oy e2) L
"dxz’mmxz)‘d\-(‘*") (- 0)(1+5) L (140)
-1 -2x
—] X2x:

(1+x2)  (14x)

Question 9:

Find the second order derivatives of the function.
log(log x)
Answer

Letd= log(log x)

Then,
d\-" d d
— — l I — e 4 — I ¥ =g ]
dx dx[og(Og’ J g dx(o ¥) (xlogx)
i“ = -‘—t{(,\ log x) ] =(-1)-(xlogx) - —(xlogx)
=.;]_‘_-|:|0gx-i(x)+x.i“og)‘.)J
(xlog.\')' dx dx
= ~(1+log2
=—]..[log.\‘-|+,\-.l]=(+—°g_“f)
(X log ,\')' X (.\' |0g ,1')_
Question 10:
Find the second order derivatives of the function.
sin(log x)
Answer
Lety=sin(logx)

Then,
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dy _dr. d cos(logx)
— =—/sin(logx)|=cos{logx)-—(logx)=———""=
dv  dx (g)] (g)dr(g)
_d’y _d|cos(logx)
R X

X i{\ | cos(log x) |-cos(log x)- (% (x)

by

X<

x-[—sin(logx)~ ‘; (logx)}—cos(logx).l
B dx

X
~xsin(log r)—] ~cos(log x)
X

3
X

% -[sin(log x) + cos(log r)]

¥

Question 11:

dy

— e Y= O
, prove that gy* )

1§V =3cosx—3sinx

Answer

It is given that, ¥ =~ €0s¥—3sinx

Then,
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g = ;—i-(SCOS x) - %(3 sinx) =5 :Ti(cns x)-3 % (sinx)

=5(—sinx)—3cosx =—(5sinx+3cosx)

%—‘— = 5—[—(55inx+3005x)]
S

= —[5-5; (sinx) +3~i—_(cos x):|
= —[5cosx+3(—sin \)]
=—[5cosx—3sinx]
— —)'

d;'}, +y=0

dx”

Hence, proved.

Question 12:
d’y
§ — -I -"':
If Y =05 X find dx” in terms of y alone.
Answer
- "
It is given that, V' = €05 X

Then,
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dv

o d\(cos x)= Jl:_]x?=—(l—,‘-=)}

a0
=-(_ J -7 40-9)

‘ : :(( )\')

=\/(l———r) 1)

Y=C058" ¥ =X =COSy
Putting x = cos v in equation (1), we obtain

d’y  ~—cosy
- Vel | A9
ds ,/(I—cos‘ _v)
d’y  —cosy
%
& \/(sm l)
-cou
sin’
_—cosy |
siny  sin’ y
::d =~ ol ¥-cosec’ v
dx*
Question 13:

v =3cos(logx)+4sin(logx) Xyt +y=0

If , show that

Answer

It is given that,” v =3cos(log x)+4sin(log x)

Then,
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d- di
¥ =3 ~ELcos(logx)] +4-d—x[sm(logx)]

=3 [— sin (log x)-%’(log x)] +4 -[COS(log x)% (log r)}

. —3sin(logx)+-4cos(logx) ~4cos(logx)-3sin(logx)

. ’.I
X X X
A

d (4.cos(logx)-35in(logx)J

Ly
: dx ! x

_ x{4cos(logx) - 3sin (log x)) - {4cos(log x) - 3sin (log x)}(x)

>

X

:4{cos(|ogx)}’ ~3{sin(log x)}' ] ~{4cos(logx)~3sin(log x)}.1

x:

-

x| —4sin (logx).(logx) —3cos(logx) (log a)] —4cos(logx)+3sin (log x)
x:

x[~-4sin(logr), = _?ccs(logx).l } ~4cos(logx)+3sin(logx)
x x

xZ
~4sin (log x)—3cos(log x)—4cos(log x)+3sin (log x)
x,l!
~ —sin(logx)-7cos(logx)

=
AR o A s o

_s —sin(logx)—7cos(log x))+x{4cos(log x)—3sin (logx)

. )+3cos(logx)+4sin(logx)
X

= —sin(log x)—7cos(log x )+ 4 cos(log x) - 3sin (log x) +3cos(log x) + 4sin (log x)

=0

Hence, proved.

Question 14:

dzy
1fV = Ae™ + Be™ . show that dx’

dv
~(m+n)=—+mny=0
(m )dx mny
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Answer

It is given that, ¥ = Ae™ + Be™

Then,

% = A-%(e”“)+ B-%(a’“ ) = A-e"".%(nu)+ B:e" -%(nx) = Ame™ + Bne™
W Wty il o Wit

a2 _dx(Ame + Bne )-Am dx(e )+Bn dx(e )

= Am-e™ -%(mx) +Bn-e" %(n.\) = Am’e™ + Bn’e"™

2

ay_ (m+n) &, mny
fx dx

= Am’e™ + Bn'e™ ~ (m + n) ( Ame™ + Bne™ ) +mn ( Ae™ + Be"")

M ne M

= Am’e™ + Bn'e" — Am’e"™ — Bmne" — Amne'™ - Bn’e™ + Amne™ + Bmne™”

=0

Hence, proved.

Question 15:

_c_’.-_“: = 49)!

¢ =300e™ +600e™ oo that di

Answer
It is given that, ¥ =500e™ +600¢ ™

Then,
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P _ 5004 (e” )+ 600. (e7™)
dx dx dx

=500-¢" -1(7,1')4-60().‘: Ts .i(_‘/")
dy dx

=3500¢" =4200e "
d’y = vl s ¢ 5
o= 3500 —(e"" )= 4200.—(e "
dx” dx( ) \( )

=3500-¢7". g (7x)-4200.¢7". i (-7x)
dx dx

=7%3500-¢"* + Tx4200-¢""

= 49%500e™ + 49x600¢ ™

= 49(500¢™ +600e ™)

=49y

Hence, proved.

Question 16:

(%)
1" (x+1)=1 , show that ¥ dx
Answer
The given relationship is ¢
e'(x+1)=1
, l

= e =—

x+1

Taking logarithm on both the sides, we obtain

y=log

1
(x+1)

Differentiating this relationship with respect to x, we obtain
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d\'_ i LL T B |
pll; ]) +1) ( I)'(‘\_+|): x+1

_cl",\’~_d( 1] ‘ 4
Uy dy\ x+1 (\+l)
d’y [ -1 )
—
dx’ x+1

d’y ( dy ]z
g ——
(i\

dx’ J

T (x+1)

Hence, proved.

Question 17:
If.t-‘z(tan"x): <how that(t +l) W +2v(\ +I)) =
Answer

>

[ ) 7
The given relationship is (tan .\:)

Then,
1
y, =2tan” x‘—(lan" x)
dx

. |
= y, =2tan 'x.l ;
+x°

= (1+x7)y, =2tan"'

Again differentiating with respect to x on both the sides. we obtain

(I+x")_v1 +2xp, = 2( ' ]

T+ x

::>(l+x’)2 ¥+ 2x(1+x" )y =2

Hence, proved.
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Verify Rolle’s Theorem for the
=x’ +2x-8 ,xe[-4,2
function fAx)=1 - : [—4 ] Answer
(x) =2 +2x-8
The given function,'/ (\) : ; , being a polynomial function, is continuous in

[—4, 2] and is differentiable in (-4, 2).
F(=4)=(-4) +2x(-4)-8=16-8-8=0
/‘(3)=(3)3+2x2—8=4+4—8=0
~f(-4)=f(2) =0

= The value of f (x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point c € (-4, 2) such that f*(¢)=0

f(x)=x"+2x-8
= f(x)=2x+2
s le)=0
=2c+2=0

=c=-1, wherec=-1¢(-4,2)

Hence, Rolle’s Theorem is verified for the given function.
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you
say some thing about the converse of Rolle’s Theorem from these examples?

L fx)=|x] forxel5, 9

(ii) f(x)=[x] forxe[-2, 2]
oy (% e S - e o)
(i f(x)=x"-1forxe[l, 2]
Answer

By Rolle’s Theorem, for a function Y :[”‘ b] —R ,

if
(a) f is continuous on [a, b]
(b) f is differentiable on (a, b)
(c)f(a) =f(b)
f'(¢)=0

then, there exists some c € (a, b) such that

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any
of the three conditions of the hypothesis.

0 J(x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral

point. In particular, f(x) is not continuous at x = 5and x =9
= f(x) is not continuous in [5, 9].

Also, f(5)=[5]=5and £ (9)=[9] =9
L f(5)= 1(9)

The differentiability of f in (5, 9) is checked as follows.
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Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

. fn+h)=f(n . |n+hl—n on=1- =1

lim = ( ) /1 )= I|m[ ] [ ] =lim? =" o jim =
h=a0 h hal) ? =0 1 =0 h
The right hand limit of / at x = n is.

o [n+h)—-[f(n . |n+hl=|n 3 — ¥ 3

Jim = (— ) ( ) = Ilm[ ,]A [ ] = lim Lol S [im0=0

h=s)' ? B30 h ) ) =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of

Rolle’s Theorem.

f(x)=[x] forxe[5, 9] .

Hence, Rolle’s Theorem is not applicable for*
(i) f(x)=[x] forxe[-2, 2]
It is evident that the given function f (x) is not continuous at every integral

point. In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [—-2, 2].

Also, f(—.‘l) =[—2J =-2andf(2)= [2] =i
S F(=2)= F(2)
The differentiability of f in (—2, 2) is checked as follows.
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Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

. fn+h)=f(n . |n+hl—n on=1- =1

lim = ( ) - ( )=||m[ ] [ —]=I1m Lok ’?zhm = =3
=30 h hsh) 7 fr=0) 1 =0 h
The right hand limit of / at x = n is.

o [n+h)—-[f(n . |n+hl=|n 3 — ¥ 3

Jim = (— ) ( ) = I|m[ ] [ ] = lim Lol NS [im0=0

h=sl)' 1 h-0 h h—=d 1 =)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of

Rolle’s Theorem.

3 =4 =3 i W = —7 7
Hence, Rolle’s Theorem is not applicable for'/ (\) [r] o C[ 2=

Y =t = Fripie e 2
(i) f(x)=x"-1forxe[l, 2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and
is differentiable in (1, 2).

r)=(1y-1=0

7(2)=(2) -1=3

AF(1) #£(2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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oy (5 e e - e o)
Hence, Rolle’s Theorem is not applicable for-/ (-“) x*—liory C[]’ “].

[ Yy
If / [ 5] R is a differentiable function and if J ( ‘)does not vanish anywhere, then

prove

Answer

It is given that [-5.5] >R

is a differentiable function.
Since every differentiable function is a continuous function, we obtain
(a) f is continuous on [-5, 5].

(b) f is differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (=5, 5) such that

£(5)-£(-5)
5-(-5)

=10f'(¢)=£(5)-1(-5)

f(e)=

It is also given that /(‘) does not vanish anywhere.
s fe)=0

= 10f"(c)=0

= f(5)-F(-5)=0

= £(3)# /(-5)

Hence, proved.

f(x)=x"—4x-3

2 1, b
Verify Mean Value Theorem, if in the interval[( : ], where

a=landh=4_
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Answer

The given function is/ (%)= —4%-3

f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1,
4) whose derivative is 2x — 4.

f(1)=1-4x1-3=-6, f(4)=4"-4x4-3=-3

CS(B)=s(a) f(4)-7(1) -3-(-6)
‘" b—a 4-1 3
Mean Value Theorem states that there is a point c € (1, 4) such that

=1

o | L

[(e)=1

f'(e)=1

=2c—4=|

Q(':z, \\hCl‘C(‘zae(l* 4)
) 2

i

Hence, Mean Value Theorem is verified for the given function.

=XT—2x —2

Verify Mean Value Theorem, if‘/ ( ) g in the interval [a, b], where a = 1 and

b = 3. Find all “€(1:3)for which
/'(e)=0 Answer

The given function f s (¥) =" 5" -3

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1,

3) whose derivative is 3x2 — 10x — 3.

F()=r=5x1"-3x1=-7, f(3)=3"-5x3"-3x3=-27

F()-1(a) _£B)-£() _=27-(-7)
31 3-1

b-a

¥
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Mean Value Theorem states that there exist a point c € (1, 3) such that f’(c) =—10

f'(e)==10
=3¢’ ~10c-3=10
=3¢ -10c+7=0
=3¢’ -3¢-Tc+7=0
=3¢(e-1)-T(c-1)=0
=(c=1)(3¢-7)=0

7 7 ;
=>c=1, -,wherec=—¢€(l, 3)
3 3
= -7 e(1, 3)
Hence, Mean Value Theorem is verified for the given function and 3 is the
f'(e)=0

only point for which*

Examine the applicability of Mean Value Theorem for all three functions given in
the above exercise 2.

Answer

Mean Value Theorem states that for a function J :[“' b] —R , if
(a) f is continuous on [a, b]

(b) f is differentiable on (a, b) .
’ S(b)-fa)
f'(¢)=————-

then, there exists some c € (a, b) such that ° h—a

Therefore, Mean Value Theorem is not applicable to those functions that do not

satisfy any of the two conditions of the hypothesis.
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(|)/ []torxe[ )]

It is evident that the given function f (x) is not continuous at every integral
point. In particular, f(x) is not continuous at x = 5and x = 9
= f (x) is not continuous in [5, 9].

The differentiability of f in (5, 9) is checked as follows.
Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

- f/‘(li+,’)r-‘/‘()’) - [n+h] [n] M .
= h -~ »t! .—.ll h =0 h
The right hand limit ()I‘f atx=nis.
(n+/ / — 7
m / (.," 1). [’H z] [”] %= lim0=0

=)' h h w h *u h =l

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean
Value Theorem.

(x)=|x| forxel5, 9
Hence, Mean Value Theorem is not applicable for / (‘ ) [\] o €[ ]

(i) f(x)=[x] forxe[-2, 2

It is evident that the given function f (x) is not continuous at every integral point.
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In particular, f(x) is not continuous at x = -2 and x = 2
= f (x) is not continuous in [-2, 2].

The differentiability of f in (—2, 2) is checked as follows.
Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

(. +h]= g .
A ) e A0 S 550 iy ] (S L) O,
= h h-al) 1 =) I 10 h

The right hand limit of f at x=n is.
(n+h)=f(x h|- -7 :
f(n+h) "/v(”)— = lim [,H z] ['I] =lim > = lim0=0

1

h—=4 1 h=(

lim ———

b ? b /
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x
=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean
Value Theorem.

f(x)= [r] forx e [—2, 2] .

Hence, Mean Value Theorem is not applicable for

oy (0 e e - e o)
(i) f(x)=x"—1forxe[l, 2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and
is differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
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Hence, Mean Value Theorem is applicable

AYEY s Sipigsic 2
for'/ (‘) =g C[]’ ] It can be proved as follows.

f(N=r-=1=0, f(2)=2°-1=3
CSB)-Sla) F(2)-7(1) 3 =04
Y b-a 2.1 1

3 "
3¢'=;=I.:\. where 1.5 c.-'[LZ]
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Miscellaneous Solutions

Question 1:
(3x* ~9x+5)

Answer
- 9
Lety=(3x"=9x+5)

Using chain rule, we obtain

(h = i ("xl —Ox + 5)9
dx dx

; ¥ dg
=9(3x* -9x+5) e (3% -9x+5)
=9(3x* ~9x+5) +(6x-9)
=9(3x" ~9x+5) -3(2x-3)

=27(3x ~9x+5) (2x-3)

Question 2:

e (3
SIN° X+ CO0S X
Answer

Let y=sin’ x+cos” x

dv d . ; d i
s =—{gin .\')+—(cos x)
dx dx dx

=3sin’ x- i(sin x)+6¢os’ x-‘—l(cosx)
x dx
=3sin’ x-cosx+6cos” x-(—sinx)

= 3sinxcos x(sin x—2cos’ x)

Question 3:
(5,\: )Erm 2x

Answer
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Lety=(5x )m": :
Taking logarithm on both the sides, we obtain
log y =3cos2xlog5x

Differentiating both sides with respect to x, we obtain

1 dy d d
——=3| log5x-—(cos2x)+cos2x-—(log 5x
ydx [ dx( ) dx( - )J
dy d | d
= -—=3y ]o Sx(—sin2x)-— +cos2x——(5x
de 7| & ( )c\( ) S.\ ( )}
? B « Dy
— L. 3y| -2sin2xlog Sx + cos “’1}
dy L x
, 2
:»ﬂ-=3y P Y—()sin.'lxlogS.vJ
dx L X
4 cos2x 73 2x d
.'.d;‘=(5x)j {)COS —6sin2xlog 5x J
dx X
Question 4:
sin"(x\/;), 0<x<l1
Answer

Lety =sin™ (\\/-\_)

Using chain rule, we obtain
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o :Isin"(rv{—\-’)
= l - x (I.(.\'\f'r.;)
fi-(x5) *
I d f ‘ )
\/1 —.\'.’ {h\
_ ,3 -3
e 2

i
3k

i Z\ﬁ—.\"v
3=

2V1-»*

/

Question 5:
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cos' ¥
2
J2x+7

By quotient rule. we obtain

d -1 ax\d
V2x 4 > o) =0 LA . ,/’) +
p 2x+7 (f,OS J (COS 2) ( <X 7)

()

Lety=

N2x+7

= (‘) —(cos"x) ] d (2x+7)
’ $ ) dx\2 2)22x+7 dx
v“(z‘)

2x+7

-1 X 2
J2x+7 —(cos" ] :
4—x° 2)242x+7

2x+7

X

= —2x+7 B o% )
VA-x x(2x+7) (V2x+T)(2x+7)

_|_.!’
_ 2

1
=— + =
Vd=x*2x+7 (2x+7)5

Cos

Question 6:

51 JI+sinx ++/1—sinx
cot ,()<x<§

JI+sinx —yl-sinx

Answer
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’| - _ -
lx:l_v=col"[Vl+Slnx+\/| Sm'\} (1)

V1+sinx —I—sinx

Th: J1+sinx + 1 —sinx

" Jl+sinx —l-sinx
(\/I+sin x+\/l~sin.r):
- (\/l +sinx —+/1 —sinx')(\/l +Sin X + \/I —sinx)

. (l +sinx) +(1-sinx)+ ZV{(]: sin x)(1+sin \)

(1+sin x)—(1-sinx)

e

_2+2yl-sin’ x
2sinx

_ l+cosx

sin x

X
=cot
2

Therefore, equation (1) becomes

¥ =cot '[cot£]
2

Question 7:
(logx)™, x>1
Answer

logx

Let y =(logx)
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Taking logarithm on both the sides, we obtain
log y = log x+log(log x)
Differentiating both sides with respect to x, we obtain

ldv d . .
g ,:E[log.\ -Iog(log.x)]

1 dy d d -
= —— = log(logx).—(log x)+log x-—! log(log x
Sk og(log x) r(og1)+ og x rr[og( ogx)_l

4 (1)

dy _ | ! !
b S ¥ log(log x).— + |0 F X -
v { g( & ) X & logx dx

ox

= —ZL = \[l log(logx)+ —‘]

X X X
dv wei| 1 log(logx)
5 == JOE XY T | = o
dx ( og) |:.r X
Question 8:

cos(acosx+bsinx
( ) , for some constant a and b.

Answer
Let y = cos(acosx+hsinx)

By using chain rule, we obtain

av d ;
— =—cos(acosx+bsinx)
dx dx
dy . . d \
=2 — _sin(acosx+bsinx)-—(acosx+bsin x)
dx dx
=—sin(acosx+bsin x)-[a(—sin x)+bcosx]
=(asinx—bcosx)-sin(acosx +hsinx)
Question 9:
F (sint-cosy) T 3n
(sinx—cosx) , —EXL—
4 4

Answer
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Let v = (sin x —cosx) "

Taking logarithm on both the sides, we obtain
log y = IOg[(sin X—COs x)‘m" "“M‘)j'

=> log y = (sinx—cosx)-log(sinx—cosx)

Differentiating both sides with respect to x, we obtain

.\l‘ 2 3 t% (sinx —cos x)log sin x —cosx) |
L dy . d g i - !
= — = =log(sinx—cosx)-—(sinx—cosx)+(sinx—cosx)-—log(sinx - cosx)
Ve Iy ux o
% 1 % = log (sin x —cosx)-(cos x +sinx)+(sin x - cos.x)-
vdx
= % = (sinx—cos x) ™ I:(Cos x+sinx)-log(sin x —cos x) +(cos x +sin ‘)]
X
f%’_ = (sinx—cosx )"“’““'“”" (cosx+sin .\')[I +log(sin x —cosx )]
Question 10:

X 4x"+a’+a" for some fixed @>Yand ¥>0
Answer
Lety=x"+x"+a"+d’
Also, letx" =u, X" =v, " =w, anda" =
LVSUFVFWES

dy du dv dw ds

= - + +

de dv de dx dk
H=x
= logu = log x'

= logu=xlogx

Differentiating both sides with respect to x, we obtain

(sin X—Cos x) '

1)

i(sinx—cos.\')
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| du d d
=logx:—{(x)+x-—(logx
u dx & dr( ) «l\'( gx)
du [ 1 ]
= —=ullogx1+x—
(l\' X
= i -—.\'[lug.\'+l]=,t‘(l +log x) (2)
dx
“ — .\."
dv = ‘l(‘ )
de  dxe?’
= & ax” (3)
dx
W= (]'

= logw = loga’

= logw=xlogua

Differentiating both sides with respect to x, we obtain

1 dw d
_.c_. = ha._.(x)
wdx dx
=4 wloga
dx
¢
= —=a"logu R
dx g ( )
s=a°
Since a is constant, a? is also a constant.
ds
—==0 (5)

From (1), (2), (3), (4), and (5), we obtain
%zx'(l*logxyar”"' +a" loga+0
dc

=x"(14logx)+ax*" +a"loga
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Question 11:
M +(x-3) for x>3
Answer

\,:

Lety=x""+(x-3)

Also, let u=x""" and v=(x—3)

Sy=u+y

Differentiating both sides with respect to x, we obtain
dy d v ;
s S (1)
dx  de  dx

v 3

"=x
slogu = log(.\":"" )
logu =(x* -3)logx

Differentiating with respect to x, we obtain

1 du dy 5 5 d .
——=logx-—(x =3 )+(x =3} —(logx
u dx N d\'( )) ( ) dx( gx)
1 du 5 N
= ——=logx:2x+(x" -3)-—
u dx 4 ( 3) X

-

o | % =3
du_ 3_[ X +2.\'log-\'}

dx x
Also,
v=(x- 3)":
~logv=log(x— 3)":
= logv=x"log(x-3)

Differentiating both sides with respect to x, we obtain
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o =los(x=3)- )+ L log(+-3)]

::1£—|012(l' 3)-2x+x° - :——(x-3)

v dx x=3 dx
:q‘-':v 2xlog(x-3)+ il
dx x—-3

dv a4 ¥
= —=(x-3 4 2xlog(x -3
== (x-3) [x_3 2( )]

du dﬂ

Substituting the expressions of (b dx in equation (1), we obtain

dx

dy =3 ‘[\ 3+2vlogx]+(t 3) [§+2Y|08(\’ “‘)]
x

Question 12:

. y=12(l—cost),x=lO(I—sint).——’E'<r<E
Find dx , if 2 2
Answer

It is given that. y =12(1 —cost) x=10(t-sint)

%——»[IO (t- mm)]-no - (1=sint) =10(1—cos)

2 [lZ(l—um)]—l‘) —(|-um)—1z [0=(=sinz)]=12sin
dy 0 e

Ldy _ [dl] _ 12sinr 12-251115-&()55 ) écoti

i (QJ 10(1-cost) 10_251."-21 5 i
dr 2

Question 13:

dy
Finddrit  Y=sin'x+sin'Vl-x*, ~1sx=]

Answer
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It is given that, y =sin ' x+sin 'VI1—x’

'ﬂ—i[sin 'x+sin 'JI—.\-:]

Tdv dx J
d}' e (I 1 ) =233
:);};—:];(“n \-)+‘~—(sm Jl x)
:—;f—: l + 7 I = ’i{: \'rl———\':‘)
¥ Jl-x w__( /l_x:)' v
:)ﬂ:; l +_l.. l 'i(l-\")
dv J1-x x 2Jl-x* dx
dy 1 I
—— = i e -2x
dx J1-x 2el-x° (=2)
:)_‘_I_;_'___ — |
dc Ji-¥ Ji-x
g
dx
Question 14:

NIy NI =0 0 4 oy <1, prove that

dy 1

:7;— (l+.\'.)2

Answer

It is given that,

x\/l+y +ydl+x=0
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= r\[l:. = —,\'\/’l-—.f
Squaring both sides, we obtain
L(+y)=»"(1+x)
S X+ Y=y +x
X =V =X Xy
=~y =xv(y-x)
=(x+yNx=y)=x3(y~-x)
S X+ y=—xy
=(l+x)y=—x

-X

(1+x)

Differentiating both sides with respect to x, we obtain

=D y=

'vz(l«-—x)
fl_‘_ _ (I +.\‘);2(x)—.x‘fz\’(l+.x‘) _ _(l+x)—.\f L |
dx (] +x)2 (l +.\‘)2 (l + .l?):

Hence, proved.

Question 15:

2

If(x—a) +{y=b) =¢

d’y

c >0,

, for some prove that

3

dx” is a constant independent of a and b.

Answer

It is given that,("-—a) +("'_b) =€

Differentiating both sides with respect to x, we obtain
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‘Zs:(x-u):]-f‘i[(}‘-h):J=-(Ij—((':)

ax

/ i
::-Z(x-u)-i(.t-u)*.-Z(_\’—b)-:l—t(.\'—b):0

:)2(.\' - a)-] + 2(}' -h)-dy =0
dx
dy ~(x—a)
3_: e l
dx y=b ()
Ay _d|~(x-a)
e dxe| y-b |
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-(.""b)';‘I\’(Lr—a)_(x_a)_:ll

. (v-5)
(y-b)

[ dy
(v=0)—(x —a) i
(y-b)

_(y ~b)~(x _a).{‘(-‘ ““)}

=— il sin
) (y=b) [Usieg (1]

=_:(y—b): +(x=a)’ ]

(y=b)

dv’ : +(‘;‘7)‘ : (.3"‘1’)2+(3f—a)1];
l+[d;] _ [] (}-'—b)l} |: ()’—b)z

dy [M)()J _[u—fz)%(x-af}

dx” (._)s—b);

-
3

= —¢, which is constant and is independent of @ and

Hence, proved.

Question 16:

dy cos’(a+y)

cos y = xcos(a+-"’)‘with cosa # £l o6 thatdx sina

If
Answer
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It is given that, cosy = ycos(a+y)

d d
(—l;’[cos y]= (—l;[.\'cos((w 1)]

= —sin y% =cos(a+ y)- %(.r)+x- %[cos(a+_v)]
oody : . N
==siny = =cos(a+y)+x»[—sm(a+).):|-c»i;
= [ xsin(a+y)-sin ;J(—[X =cos(a+y) (1)
d s s
Since cosy=xcos(a+y), x= co:z)rj f V)

Then, equation (1) reduces to

-_CMOS,V -Sin(a+' ‘,)_Sin Vv -d'lz(JOS(a’i" V)
cos(a+y) Z © ldx at)

=3 [cos y-sin(a+ y)—siny-cos(a+ _v)] SE =cos” (a+y)

=>sinf(a+y -y)%}-l = cos’(a +b)
dx

dy cos’(a+b)
= = ————
dx sina

Hence, proved.

Question 17:

dy

y=a(sint—1cost) find e

.\'=u(cosr+rsinr)a

If nd

Answer
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It is given that, x = a(coss +1sins) and y = a(sinr -1 cosr)

dx d z
So=—=a—(cost +1sint)
di

dr
) . d ", ARy

=al -sint+sint-—(r)+1-—(sin¢
a[ int+sin dx() d'(cal )J
= a|-sint+sini+rcost] = ar cost

dv gl

— =a-—(sint -rcosrt)

dt di

E ul’cost ) {C"s";—ll(’)‘*"%(c‘oy)}:

=a| cost—{cost—tsint} | = arsint

()
cdv _\dt)_atsint _

= = tans
dx (d\') ar cost
dt
d'yv d(dv d v SO
Then, == = = = —(tant) =sec” -
dx~ dx\dx) dx dx
3 | dx dt |
=seC 1+ — =l COSI => — =
atcost dt dx  atcost
- ,-.0< < s
at 2
Question 18:

. 3 i
If/('l') =|_\| , show that / (x)exists for all real x, and find it.

Answer

! I {x‘ if.Y 2 0
Xl = g
It is known that, ~x, ifx<0
o (e '_1 22
Therefore, when x > 0, —/(~‘)—l-\| =X
In this case, 4 ('\) =3x‘and hence, Y ("‘)z bx

3

When x < 0, f(’t):|xr ‘_‘(‘-\')J ==X
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In this case, f1(x)=-3 and hence, f7(x)=—6x

f()=" 7"(x)

Thus, for exists for all real x and is given by,
(x) I().\', ifx=0
xX)=
‘ |-6x, ifx<0
5

L(.\"‘ =™
Using mathematical induction prove that dx ' for all positive integers
n. Answer

To prove: P(n): ilj— (x")=nx"" forall positive integers n
dx

For n=1,

d
P(1):
() dy

(x)=1=1:"

~P(n) is true forn=1

Let P(k) is true for some positive integer k.
qdy
P(k):—(x' )=k
That is, de’
It has to be proved that P(k + 1) is also true.
\ /4 4 d ;
Consider ; 3 ¥ (x-x*)

dx ax

=x". (:; (x)+x (;i (= ) [ By applying product rule]

=x* 1+ xkoxt!
=3t 4 kot
=(k+1)-x*

= (k1)
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Thus, P(k + 1) is true whenever P (k) is true.
Therefore, by the principle of mathematical induction, the statement P(n) is true
for every positive integer n.

Hence, proved.

Question 20:
Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation,
obtain the sum formula for cosines.

Answer

sin(A+B)=sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain

dr. d s, d ;
—\sin(A+B)|=—(sinAcosB)+—(cosAsin B
Loin(A+B)]=(sindeosB) +—(cos dsin 5)
d d, . . d
= cos(A+B)-—( A+ B)=cos B-—(sin 4)+sin 4-—(cos B)
dx dx dx

+sin B~i(cos A)+cos A- i(sin B)
dx : dx
i1—(! + B)=cos B-cos .)f—(-g+sin A(—sin B)d—B

= cos( A+ B)
dx dx dx

+sin B(—sin A)- A +c0s Acos B»d[‘;
ddx dx
dA o (!B}

A }:(cos Acos B—sin Asin B)|i

= cos(A+ B)[j + a5
fx

dx de dx

.cos( A+ B)=cos Acos B-sin Asin B

Slx) glx) hlx) f'lx) g'(x) A'(x)
' dy
y=| I m n —=| | m n
dx
a b C a b C
If , prove that ‘

Answer
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f(x) elx) hix)
y=| I m n
a b c
= y = (mc-nb) f(x)-(le~na) g(x)+(Ib—ma)h(x)

Then, 2; = ‘i [(me—nb) f(x)]- (Z_ [(fe~na)g(x)]+ (;1‘ [(1b~ma)h(x)]
=(mc—nb) f'(x)~(lc—na)g'(x)+(lb—ma)h'(x)

I'(x) g'(x) #(x)

= / m n
a b ¢
r(x) g'(x) h(x)
dy
—_— =~ m n
dx
Thus “ 2 £
Question 23:
wdy _dy .
GeOs X > 1—x ) e e Y= 0
fy=¢ —lsxsl , show that ( ) dx’ dx ’
Answer

|
dios oy

It is given that, ¥ =¢




Class XII Chapter 5 - Continuity and Differentiability

Maths

Taking logarithm on both the sides, we obtain
log v =acos ' xloge
log y=acos ' x
Differentiating both sides with respect to x, we obtain
B ™
¥ dx 7{__\7-
dy  ~ay
— ok sﬁ_-T

By squaring both the sides, we obtain

dx =%

(l -x )[Z‘:—) =a'y?

Again differentiating both sides with respect to x, we obtain

(i] ;’\(I-r)-f-(l-x)xl[(i]]:u i(‘)

dv Y dy d°y dy
—— “2x)#(1-x")x2 = =a° 2y~
()(*)(*) a2y
73
:>-r—‘-+(l-r’)%x—'%:u’._v [%:0]
2 dy
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