CHAPTER -8
APPLICATIONS OF INTEGRALS

Exercise 8.1

Question 1:

Find the area of the region bounded by the curve y2 =X and thelinesx =1, x=4
and the x-axis.

Answer

Yy

The area of the region bounded by the curve, y2 = X, the lines, x = 1 and x = 4, and
the x-axis is the area ABCD.

Area of ABCD = f vdx
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Find the area of the region bounded by y2 = 9x, X = 2, X = 4 and the x-axis in the
first quadrant.

Answer

EREOUPRESRIS | ) DRSNS

s Yi=4

y'¥

The area of the region bounded by the curve, y2 = 9x, X = 2, and x = 4, and the x-
axis is the area ABCD.

Area of ABCD = f ydx

- f 3xdy
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Class XII Chapter 8 - Application of Integrals Maths

Find the area of the region bounded by x2 =4y, y =2,y =4 and the y-axis in the
first quadrant.

Answer

y'¥

The area of the region bounded by the curve, x2 =4y, y=2,andy = 4, and the y-
axis is the area ABCD.

Area of ABCD = J:' xdy
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Question 4:
S
2L =l

e o
Find the area of the region bounded by the ellipse 16 9

Answer
RS
- :l

The given equation of the ellipse, 16 9 , can be represented as
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It can be observed that the ellipse is symmetrical about x-axis and y-axis.
~ Area bounded by ellipse = 4 x Area of OAB

Arca of OAB = [ var
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Therefore, area bounded by the ellipse = 4 x 3n = 12n units

) 1

Y. i
ST A
Find the area of the region bounded by the ellipse 4 9
Answer

The given equation of the ellipse can be represented as

>y =31 (1)

It can be observed that the ellipse is symmetrical about x-axis and y-axis.

~ Area bounded by ellipse = 4 x Area OAB
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S Arca of OAB = I vdx

= I‘ 3\'5,‘ - %d.\'

Therefore, area bounded by the ellipse =

Question 6:

|Using (1))
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4% — = 6 units
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Find the area of the region in the first quadrant enclosed by x-axis, line e ‘/i--vand the

ot eyt=d
circle ’

Answer

The area of the region bounded by the circle, o

the area OAB.

Y v =3y
LeP=1
XAWG 1)
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w4, g iy

, and the x-axis is
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The point of intersection of the line and the circle in the first quadrant is

(1)

. Area OAB = Area AOCA + Area ACB

=1><OCXAC=1><\,'I.:)><l=\[1 (1)
Area of OAC 2 2 2

o

= |_ydx
Area of ABC I

I et
= j \i'l*'l»— x“dx
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= Zy/4—x? +—sin™ }
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Therefore, area enclosed by x-axis, the line™* = \’/g-“, and the circle Xty =4 in the first

VGTI. 3\," T{ .
—~— - = units
quadrant= 2 3 2 3

Find the area of the smaller part of the circle x2 + y2 = a2 cut off by the
line Answer
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The area of the smaller part of the circle, x> + y2 = a2, cut off by the line, N< s

the area ABCDA.
Ya

vY

It can be observed that the area ABCD is symmetrical about x-axis.
~ Area ABCD = 2 x Area ABC
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Area of ABC = r:, Vax
. ’r. va' - x*dx
—.\' 2 _.3 ., @ . X I
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A= ,:
Therefore, the area of smaller part of the circle, x2 + y2 = a2, cut off by the line, V2

'd
afm_ ]
is 212 units.

Question 8:

The area between x = y2 and x = 4 is divided into two equal parts by the line x = a,

find the value of a.

Answer

The line, x = a, divides the area bounded by the parabola and x = 4 into two

equal parts.

’
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-~ Area UAD = Area AbLD

A

v Y

X=a

It can be observed that the given area is symmetrical about x-axis.
= Area OED = Area EFCD
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Area OED = f.\ dx

: jﬁ v x dx

x?

L

(3]

-

= i(u)" A1)

Area of EFCD = f Jdx

Therefore, the value of a is (4) )

Find the area of the region bounded by the parabola y = x2 and

P= |l| Answer

The area bounded by the parabola, x2 = y,and the Iine,"' :M , can be represented as
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Y Y=
A
Vo X
B A
x D 28 =%
0.0 © M
\..V

The given area is symmetrical about y-axis.
~ Area OACO = Area ODBO

The point of intersection of parabola, x2 =y, andline, y = x, is A (1,
1). Area of OACO = Area AOAB - Area OBACO

o Area of AOAB = %x OBxAB= %x Ix]=

- -

!Ql-—

Area of OBACO = | vdx= | &°
= Area of OACO = Afea of OAB réa fO_BACO
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Find the area bounded by the curve x2 = 4y and the line x = 4y -
2 Answer

The area bounded by the curve, x2 = 4y, and line, x = 4y - 2, is represented by
the shaded area OBAO.

4

'./n

i

Let A and B be the points of intersection of the line and parabola.
A are {-I.l |

Coordinates of point S

Coordinates of point B are (2, 1).

We draw AL and BM perpendicular to x-axis.

It can be observed that,

Area OBAO = Area OBCO + Area OACO ... (1)

Then, Area OBCO = Area OMBC - Area OMBO
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Therefore, required area = *

Find the area of the region bounded by the curve y2 = 4x and the line x =

3 Answer

7) 9 .
— | == units
8

The region bounded by the parabola, y2 = 4x, and the line, x = 3, is the area OACO.
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Y A
A

4
v

Y

=3

The area OACO is symmetrical about x-axis.
~ Area of OACO = 2 (Area of OAB)

Area OACO=2| [ "_;xdx]

83
Therefore, the required area is ®V+- units.

Area lying in the first quadrant and bounded by the circle x> + y2 = 4 and the lines x =
Oand x = 2is
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tolx A

WA

8
D. 4
Answer

The area bounded by the circle and the lines, x = 0 and x = 2, in the first quadrant
is represented as
\‘“

r=0 =2

.‘..0
. Arca OAB = j ydx
. J' V4-xidx

D =

Xl 4%
(4 - ra—T
‘ = v X = n

|
pd!
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= T units

Thus, the correct answer is A.
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Area of the region bounded by the curve y2 = 4x, y-axis and the liney = 3 is

A. 2

o
WD kWO

oo

D.

Answer

The area bounded by the curve, y2 = 4x, y-axis, and y = 3 is represented as

s

A

it (o)

. Area OAB ‘r 7

I

1 “"
~—dy

Thus, the correct answer is B.
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Find the area of the circle 4x2 + 4y2 = 9 which is interior to the parabola x2 = 4y
Answer
The required area is represented by the shaded area OBCDO.

Y

Solving the given equation of circle, ax? + 4y2 = 9, and parabola, x> = 4y, we obtain the

B [\;‘2

I { I
,;1 and D | —/2,—
point of intersection as * = \ .

/

It can be observed that the required area is symmetrical about y-axis.
~ Area OBCDO = 2 x Area OBCO

We draw BM perpendicular to OA.

V2.0
Therefore, the coordinates of M are( )
Therefore, Area OBCO = Area OMBCO - Area OMBO
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Therefore, the required area OBCDO is

(2x1{J§+9,_qzdil]z[J§+9_.qzdil

6 4 3 6 4 3

~

o

Question 2:

Find the area bounded by curves (x - 1)2 + y2 =1 and x2 +y 2

1 Answer

The area bounded by the curves, (x - 1)2 + y2 =1 and x> + y
by the shaded area as

2 - 1, is represented
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=

)

Y

On solving the equations, (x - 1)2 + y2 =1 and x2 +vy 2 - 1, we obtain the point of

(1 43) (1 \3)
272 22
intersection as A" © /and B\ © A

It can be observed that the required area is symmetrical about x-axis.
~ Area OBCAO = 2 x Area OCAO

We join AB, which intersects OC at M, such that AM is perpendicular to OC.

I \
;.()J
The coordinates of M are =

{
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= Area OCAO = Area OMAO+ Area MCAM
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erefore, required area OBCAO = \ units

Question 3:

Find the area of the region bounded by the curves y = x2 +2,y=x,x=0and x =
3 Answer

The area bounded by the curves, y = x2 +2,y=X,x=0, and x = 3, is represented
by the shaded area OCBAO as
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'S

0O D

Ye=3

y¥Yy=0

Then, Area OCBAO = Area ODBAO - Area ODCO

= J-.(\ + 2) dx— I)\ dx

= -x—+2.'
3

=[9+6]—{l

=152
2

21 .
=—— units
2

Using integration finds the area of the region bounded by the triangle whose vertices
are (-1, 0), (1, 3) and (3, 2).

Answer

BL and CM are drawn perpendicular to x-axis. It

can be observed in the following figure that,

Area (AACB) = Area (ALBA) + Area (BLMCB) - Area (AMCA) ... (1)
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¥

Equation of line segment AB is
3-0
y=-0= (x+1)

l+l

3
p=—(x+1
y=5(x+1)

! 1
¥ 3
Arua(AlBA [ (r+| 3 '3—+x =— IJrl—»!-kl 3 units
2 2 \ 212 2

Equation of line segment BC is
(\ —l
3-1

I
= E(—,\' + 7)

t—3—

"

. Area(BLMCB) = [J- (—x+7)dx=

l\)
1| —

Equation of line segment AC is
x+]
3+l( )

=5('.\'+])

. Area(AMCA) = ]; fl(.\-+l)dx = %[‘—+\j| = —{§+3—%+ I} =4 units
2 = -1

Therefore, from equation (1), we obtain

3
X 9
{-‘ +1ﬁ =1{——+21+1—7 =
2 o Bl 2 2
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Area (AABC) = (3 + 5 - 4) = 4 units

Using integration find the area of the triangular region whose sides have the equations y

=2x+1,y=3x+land x =
4. Answer

The equations of sides of the trianglearey = 2x +1,y = 3x + 1, and x = 4.

On solving these equations, we obtain the vertices of triangle as A(0, 1), B(4, 13), and
C (4, 9).

It can be observed that,
Area (AACB) = Area (OLBAQO) -Area (OLCAO)

= [(3x+1)de— ['(2x+1)dx

{3.\'j _].‘ [2.\'? T
=|—+x| - +x
2 2

() 0

=(24+4)-(16+4)
=28-20
- 8 units

Smaller area enclosed by the circle x> + y2 =4 andthelinex +y=2is
A.2(n-2)
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B.n-2
C.2n-1

D.2 (n +
2) Answer

The smaller area enclosed by the circle, x2 + y2 = 4, and the line, x +y = 2,
is represented by the shaded area ACBA as

v

It can be observed that,
Area ACBA = Area OACBO - Area (AOAB)

= ‘[‘ \/mdx— f(Z—.\')dx

:[ V43 +‘isin ) J —{2.\'—1‘;
2 2
Lt = Jo

[7 }}_[4_21

=(m—2) units

b | =
SHE |
b | =

)

Thus, the correct answer is B.

Area lying between the curve y2 =4x andy = 2x is

| b2
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0 o
- G | -

e

D.

Answer

The area lying between the curve, y2 = 4x and y = 2x, is represented by the
shaded area OBAO as

Y 2
A ye =4 3 2y

/B
X' 0
- (0. 0y

3
PR sSR

(1. 0)

v ¥

The points of intersection of these curves are O (0, 0) and A (1, 2).

We draw AC perpendicular to x-axis such that the coordinates of C are (1, 0).
~ Area OBAO = Area (AOCA) - Area (OCABO)
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-
= fl\ dx - IZV’\ dx
) )

= — units

Thus, the correct answer is B.
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Find the area under the given curves and given lines:
(i) y =x%, x =1, x = 2 and x-axis

(i) y=x4,x=1,x=5andx—
axis Answer

i.  The required area is represented by the shaded area ADCBA as

Y4

‘4

-
-
(=)

Y'" / x=2
=1

Area ADCBA = [ ydx

- -[: X : dy

I
X

-
b ]

|
LY

= units

Wiy wWioe !

ii.  The required area is represented by the shaded area ADCBA as
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1
> ) 4
Yau ‘
c
- B -
X O A f '\
vy Vy=$§

Area ADCBA = 'l‘x‘d.\'

(3)
e
v
=(5)' -
=625 :
;

=624.8 units

Question 2:

Find the area between the curvesy = xandy = x2

Answer

The required area is represented by the shaded area OBAO as
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Y YK
A ) =X
B |
- i .
X Q C X
vy

The points of intersection of the curves, y = xandy = x2, is A (1,

1). We draw AC perpendicular to x-axis.
~ Area (OBAO) = Area (AOCA) - Area (OCABO) ... (1)

= J‘dex— _r‘xzd.\'

Find the area of the region lying in the first quadrant and bounded by y = 4x2, x=0,vy
=landy=4
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Answer

The area in the first quadrant bounded by y = 4x2, x=0,y=1,andy =4
is represented by the shaded area ABCDA as

; y= 4y
Yy
C B o

h

4

/
N

REl

yY
;Ammumnffvm

- f \G.d\.

-

i

r‘.:
-

o el

7
:[(4) |
8-1)

units

W is) W

Question 4:

v=ly+3 fl\+3(
Sketch the graph of - I and evaluate ¢

Answer
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The given equation is y=pr+3

The corresponding values of x and y are given in the following table.

x|-6|-5|-4|-3|-2|-1(0

Y 3 2 1 0 1 213

Yy

(x+3)<0for —6<x=-3and (x+3)=0 for —3<x<0

It is known that,

J‘ll(r +3)dv = '.C (x+3)dx+ _|._“l(x +3 )dx

=—{ E x| +[Z+3x
L 2 -6 2 -3
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Find the area bounded by the curve y = sin x between x = 0 and x =
2n Answer
The graph of y = sin x can be drawn as

Y

-

X 0 x & m 2Ty
pJ 2
C

~Required area = Area OABO + Area BCDB

A 141
= | sinxdx+ |L sin x dx
! N

=[~cosx]; +'[—-cos.\']iﬂj

= [—cosn +cos(')] +|—Ccos2m+CcosT
:1+1+{(—[—l)\

=2+|-2|

=242 =4 units

Find the area enclosed between the parabola y2 = 4ax and the liney = mx

Answer

The area enclosed between the parabola, y2 = 4ax, and the line, y = mx, is
represented by the shaded area OABO as
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¥ =y 4
Yy ) V= dax
“ / : _411— . _I{L
B & lmd o )
(0, 0) '
- 9 A >
C X
\,..V

The points of intersection of both the curves are (0, 0) and
[ 4a 4(1}

m-mJ \we draw AC perpendicular to x-axis.
~ Area OABO = Area OCABO - Area (AOCA)

far i
-

- [-’ 2Jax dx - j;" mx dy

A |~ da
-— ‘ "‘ m
o ¥
=2Ja| = -m| —
ﬁ ]
3
4 4a Vv m|| da
4 fafda) _m|(a
3 .m’ 21\ m
320 m| 16a ]
3m* 2| n'
_32(1: 8a’
3m' m
' :
= units
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Find the area enclosed by the parabola 4y = 3x2 and the line 2y = 3x +
12 Answer

The area enclosed between the parabola, 4y = 3x2, and the line, 2y = 3x + 12,
is represented by the shaded area OBAO as

Ay
121 B
Y (4, 12)
X . DX
- -;/-4 3 : 2 3 4
=¥
2y =3v+ 12 %
. Z|
Ty

The points of intersection of the given curves are A (-2, 3) and (4,

12). We draw AC and BD perpendicular to x-axis.
~ Area OBAO = Area CDBA - (Area ODBO + Area OACO)
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:'33
:L%mynmm-Lg}ﬁ

3¢ toafeY
ot |22 ey | R
2 L 43,

=|{24+48—6+24}—%Rﬂ+8]

B | =

|

1 I
=~ [%0]-4[72]
=45-18

=27 units

Find the area of the smaller region bounded by the ellipse 9 4 and the line

The area of the smaller region bounded by the ellipse, 9 4 , and the line,
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(r—2) units
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5

— = 1
Find the area of the smaller region bounded by the ellipse ¢ b and the line
a b
Answer

.";.:, + 4":’ =1

The area of the smaller region bounded by the ellipse, @ b , and the line,
r y

$ ==
a b , is represented by the shaded region BCAB as

AY

-

~ Area BCAB = Ar#a.(OBCAO) - Area (OBAO)
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| o y q
L .x ( X
= [hvl~ - fhl =~ s

b b
= ja~ = x"dx 7~ x Mdx
o J.' 3 > 4 f(‘ u

b [.\' 3.4 . a5l | X
= va' =x° +-—sin R
o 12 2 "l‘, 2 a
hl [u:"x" » 4a l
— 1 £ J“' :(l —_ »
al|2\2) 2 |
bla'n a°
al 4 2
ba' [ n '-
2a | 2
ab| n l‘
S22
ab
=—(x-2)
4
Question 10:

Find the area of the region enclosed by the parabola x2 =y, theliney = x + 2 and
X-axis
Answer

The area of the region enclosed by the parabola, x2 =y, theline, y = x + 2, and x-
axis is represented by the shaded region OABCO as
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The point of intersection of the parabola, x? = y, and the line, y = x + 2, is A (-1, 1).
~ Area OABCO = Area (BCA) + Area COAC

= [ (xw 2yt [
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Using the method of integration find the area bounded by the curve ".+l-l” =

[Hint: the required region is bounded by linesx+y=1,x-y=1,-x+y=1and - x
-y = 11]
Answer

The area bounded by the curve, \‘|+l" - , is represented by the shaded region

ADCB as

The curve intersects the axes at points A (0, 1), B (1, 0), C (0, -1), and D (-1, 0). It

can be observed that the given curve is symmetrical about x-axis and y-axis.
~ Area ADCB = 4 x Area OBAO
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‘ "y )y > - J = 'i\',
Find the area bounded by curves (%) y2 % and ) |"'-'

Answer

Bl s icnimcansd suenld )
{(%,0): 25" and y =|x]}

The area bounded by the curves, ! , is represented by

the shaded region as

Y P
A F=x y |
B A(LT)
. o |
X R,
0.0 0 C
vy

It can be observed that the required area is symmetrical about y-axis.

Required area = 2[Arca (OCAO)- /\rca(OCADO)]

i [I.\' dx - _C.\'2 ci\':l

2

]
o
1
L ‘{l-.’
|
T |
w | =
—

Il
2
1
1 | =
|
W | =
 SU—

Il
I
i
|
| — |
Il
)| —
=
=
=
o
-

Using the method of integration find the area of the triangle ABC, coordinates of
whose vertices are A (2, 0), B (4, 5) and C (6, 3)




Class XII Chapter 8 — Application of Integrals

Maths

Answer
The vertices of AABC are A (2, 0), B (4, 5), and C (6, 3).
Ry

L ==
#

A

[
Yy

Equation of line segment AB is

5_
y=0== _g(x—2)
2y=5x-10
5
} =5(“3) (1)

Equation of line segment BC is
3-5

= x—4
6~ 4( )

2y—10=-2x+8

2y=—2x+18

h

2 gl

y=-x+9 -(2)

Equation of line segment CA is
. 0-3

y=j=g—l¥=6)

~4y+12=-3x+18
4y=3x-6

—
22
—
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Area (AABC) = Area (ABLA) + Area (BLMCB) - Area (ACMA)

= f%(.\‘—2)d,\-+ jj(—.\w-())d_v— f%(x—?.)dv

B s LR S R
Sik 2.\'-{ +l T 9x} - )[l— - 2.\'}
2 S 4| 2 :

3

2w

[8—~8—2+4]r[—18+54+8—36]—{}[18—lz—2~A4]

SRR

|}
wn

,8—%(8)

=13-6
=7 units

Question 14:

Using the method of integration find the area of the region bounded by

lines: 2x +y=4,3x -2y =6andx-3y+5=0

Answer

The given equations of lines
are2x +y=4..(1)

3x -2y =6..(2)
And, x -3y +5=0..(3)

Y 3x-2¥=0
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The area of the region bounded by the lines is the area of AABC. AL and CM are
the perpendiculars on x-axis.

Area (AABC) = Area (ALMCA) - Area (ALB) - Area (CMB)

: 'r/'\‘fsll.\'— (:(4—34")""‘— r|/ 3.‘:6\}1".
3 ) i &2

\

o 4 oy 4
A B a2 1 3x° )

:5{34&.\}' —[4.\'—.\ :|| _5{ > —(n:|‘

e 8+"0—l-5-|——[8——4—4+I]—l[’4—74—6+l7]
307 2 7] 2t T §
1_45) |

(35030

.S
2

:1—5—4:]5_ :Zunits
2 2 2

T < 45 1442 <9l
Find the area of the region 1(}._;).; S TE |

Answer

s {(\l) : y? <4dx,4x° + 4)3 <9l

The area bounded by the curve I is represented as
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are

'y

|

, |

J (T-{:-‘)' '):‘ 4y

2 _(. i

J)f‘e '“(‘:— “) X

The points of intersection of both the curves

It can be observed that area OABCO is symmetrical about x-axis.

| ] =
(;.\5] and (;.—v‘.‘!]
24 / AT . The required area is given by OABCO.

Y

~ Area OABCO = 2 x Area OBC

Area OBCO = Area OMC + Area MBC

= I; 2Jx dv+ _"I- l

g

: 2 \,'f,\‘

dx + [f
2

Area bounded by the curvey = x3, the x-axis and the ordinates x = -2 and x = 1 is

A. -9

15
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15
c. 4
17
D. 4
Answer
4 Y
3 ’Y:
(.l
" ( 0 -
X' A X
(=2, mu/
v ‘..r ]
X 2 =1

Required area = f vdx

= J- x dx

:[ | -4 ‘:—l’\ units
, 4

Thus, the correct answer is B.

Question 17:

The area bounded by the curve Y

is given by

[Hint:y=x2ifx>0andy=—xzifx<0]

' [.r|, X-axis and the ordinates x = -land x =1
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A. 0O
1
B. 3
2
c.3
4
D. 3
Answer
AV
Vo xlx
81, 1)
- clo s
o A g
X (-1,-D 2
-7
x= -} ¥ x=|

Required area = I,."""
= 'fl X | xidx

= I’l Xdx+ [-‘:‘1"

1}y 1
=={ == |42
3 3
2 ;
= units
3

Thus, the correct answer is C.
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The area of the circle x> + y2 = 16 exterior to the parabola y2 = 6Xx is

3 (42-35)
%(47[ +3)

¢ 3(tx=)

4 P >
5 5(4“ +3)

Answer

The given equations
are x2 + y2 =16 .. (1)

y© =6Xx..(2)

Area bounded by the circle and parabola
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=2[ Area(OADO) + Area(ADBA) |

[ I mllﬂ» f\[lba.r’d\'}

-

)
"~

3

't‘,"
4:

=2| V6 ‘3 [ J16-x° +':’-sin
2 )
;

=2 (;x'[ } K_V]() 4 - 8\1"'(|J]
3 2 2

- 4;/5(2\6)4[4::-- Jl_z-s:]
5 Ibf+8:z—4f—§n

a ;[4\5+6n-3\5-2x]

. ;[\5+4x]

= ;[4:(4» \/3] units

Area of circle = n (r)2
= n (4)°
= 16n units

.. Required area = 16n —;[ahr - \ﬁ]
=%[4x3n—4n—\/§]

—(81: ) units

Thus, the correct answer is C.
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The area bounded by the y-axis, y = cos x and y = sin x when

2(v2-1)

A.
B. V2-1
c. V2+1
D. V2
Answer

The given equations
arey = cos X ... (1)

And, y =sin x ... (2)

Yy
P=COS X I Sin X
Aps ; D
Lbnasmae
B
(.7.‘.. _|-}
. 2
% 44z X
R 0 CE
2
X'y

Required area = Area (ABLA) + area (OBLO)

- r | xdy + I.j: xdy

|
= r. cos ' ydy + ‘[ﬂsin ' xdy

Integrating by parts, we obtain

0

<

X

<

o
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1

FT [rein"w»ﬁl\f

et _
i b

-7 I
YA
V2

N
l\)

sl A
S‘

2 -1
=v5—lunits

Thus, the correct answer is B.

Put 2x=r:>dr=(—/2£

thnx=~3-‘!=3 andwhcnx=l,l=l
% 2

~[i2v der L[ GF () @

:

3

=2"§ *%[ﬁ 9"2*33‘“'(5)]
|4l g a7 3o ()]

2303
3\2/5 J‘HO,LQS,n (l)}‘{; V8 + Zsin"(;)}]
= \/?+ 1[9‘1 -\E—gsin"(vl]]

[E38%)

3 4] 4 2 3
16 4 8 3
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Therefore, the required area is *
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