CHAPTER - 11
THREE DIMENSIONAL GEOMETRY
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If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its
direction cosines.

Answer

Let direction cosines of the line be |, m, and n.
I =cos90°=0
1

m=cosl35°=— \5-
1

1n=cos45°=—

V/?

0,———,and —.
Therefore, the direction cosines of the line are \5 \E

Find the direction cosines of a line which makes equal angles with the coordinate
axes. Answer

Let the direction cosines of the line make an angle a with each of the coordinate axes.
= cosa, m=cosa,n= cosa

F+m+n =1
= cos” @ +cos  a+cos a=1

= 3cos" =1

; 1

=>Cos" o =—

3
1

N2

= cosa ==

23]
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Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,

] |
* Po

are ¥2 W

3

L)

If a line has the direction ratios —18, 12, —4, then what are its direction
cosines? Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are
18 12 =

JE18) +(12) +(=4) J(-18) +(12) +(—4) J(-18)" +(12) +(—4)
-8 12 -4

1<, K
v s ) e 3

- -~ -

9 6 2
(I N R B

I

9 6
, and

Thus, the direction cosines are I

Show that the points (2, 3, 4), (-1, -2, 1), (5, 8, 7) are

collinear. Answer

The given pointsare A (2, 3,4),B(-1,-2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (x1, y1, z1) and (x2, y2,
z2), are given by, x2 — x1, y2 — yi1, and z2 — z3.

The direction ratios of AB are (-1 — 2), (-2 — 3),and (1 — 4) i.e., =3, =5, and —3.
The direction ratios of BCare (5 — (- 1)), (8 = (- 2)),and (7 — 1) i.e., 6, 10, and
6. It can be seen that the direction ratios of BC are —2 times that of AB i.e., they

are proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A,
B, and C are collinear.
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Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4),

(-1,1,2)and (- 5, = 5, — 2)

Answer

The vertices of AABC are A (3,5, -4),B (-1, 1, 2), and C (-5, -5, —-2).

A (3,5, -4)

4 C
(-1.1.2) 5 =% 21

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., —4,

Then,y(~4)" +(~4)" +(6)’ =T6+16+36

=68
=217
Therefore, the direction cosines of AB are
-4 -4 6
Y +(=47 (6 (=) +(=4) +(6)" (~4) +(~4) +(6)
-4 4 6
2177 21772317
2 -2 3
J7 7

—4, and 6.

The direction ratios of BC are (-5 - (-1)), (-5 -1), and (-2 — 2) i.e., —4, —6, and

—4. Therefore, the direction cosines of BC are
-4 ~0 —4
V(Y +(-6) + () (=4)+(-6) +(-4) {(~4) +(-6)" +(~4)
—4 6 —4

2177 2177 2017

The direction ratios of CA are (-5 - 3), (-5 -5),and (-2 — (—4)) i.e., =8, —10, and

2. Therefore, the direction cosines of AC are
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2

-8
\;( 8) +(10) +( \/( _8)' +(10)° +(2)° J( —8) +(10) +(2)

Class XII

'Jl

-8 ~10 2

W22 2
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Show that the three lines with direction cosines
12 -3 -4 4 12 3 3 -4 1

1351313137137 137 18 13718

| o

J

.

are mutually perpendicular.
Answer

Two lines with direction cosines, 11, m1, n1 and Iz, my, n2, are perpendicular to
each other, if {1l + mim2 + nin =0

12 -3 -4 4 12 3
(i) For the lines with direction cosines, 13 13 13 and 1371313, we obtain
12 4 (3) 12 (-4 3
LWy +mms, + i, = —x—+| — [x—+ —]x——
: - 13 13 L13) 13 13 ) 13
_ 48 36 12
169 169 169
=0
Therefore, the lines are perpendicular.
4 12 3 3 -4 12

(i) For the lines with direction cosines, 13 13 13and 13 13 13, we obtain

4 3 12 (-4} 3 12
L +mm, +nn, =—x-—+ —xt :

13713 13°013) 13713
_12 48 36

169 169 169
=0

Therefore, the lines are perpendicular.

; 13713

(iii) For the lines with direction cosines, 1313 13anq 13 13 , we obtain
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{ 3 "-. i I2 ".I ’," _4 \‘ / —3 \ / |2 "|| 7 -4 '\'
L+ mm, + nn, =‘ — x| — |+ x| — +‘ - JY‘ ]
: ’ SUNBIW3Y I3 13 ) I3 TN 13,
_ 36 . 12 48
169 169 169

=)

Therefore, the lines are perpendicular.
Thus, all the lines are mutually perpendicular.

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the
line through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the

line joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a1, b1, c1, of ABare (3 -1), (4 - (-1)),and (-2 - 2) i.e., 2, 5,
and —4.

The direction ratios, az, by, ¢, of CD are (3 — 0), (5 — 3), and (6 —-2) i.e., 3, 2, and
4. AB and CD will be perpendicular to each other, if ajaz + bibo+ cico =0

aiaz + bibp+cicop =2x3+5%x2+(—4) x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through
the points (-1, -2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line
through the points, (-1, =2, 1) and (1, 2, 5).

The directions ratios, a1, by, c1, of ABare (2 —4), (3 —-7),and (4 — 8) i.e., =2, -4,
and —4.

The direction ratios, az, b, ¢z, of CD are (1 — (1)), (2 = (=2)),and (5 - 1) i.e., 2,
4, and 4.
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a b ¢

AB will be parallel to CD, if % & ¢

o, -

« -

b _-4__,
b, 4
¢ —4
Lo Z=
O, 4
o -/" _ ¢
”. g ll_. ﬂ(_

Thus, AB is parallel to CD.

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

2 a5 Al
the vector2 +2/ =2k

Answer

It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is @ =1 +2J +3k

b=3i+2]-2k

It is known that the line which passes through point A and parallel to b is given

F=ad+1b. where A .
by F=a+Ab, where A is a constant.

=>F :i‘+2‘}‘+3k-+/i(3f+2_}‘—2/;)

This is the required equation of the line.

Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2i =/ +4k and is in the direction

i+2j—k Answer

It is given that the line passes through the point with position vector
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a=2i—]+4k (1)
bh=i+2j—k (2)

It is known that a line through a point with position vector d and parallel to [; is given by
the equation, 7 =a-+ b

=>F=20-j+dk+a(i+2]-k)

This is the required equation of the line in vector form.

F=xi—vi+zk

= xi—yj+zk = (A+2)i +(24=1) j+ (-2 +4)k

Eliminating A, we obtain the Cartesian form equation as

x=2 y+l z-—4

I 2 -1

This is the required equation of the given line in Cartesian form.

Find the Cartesian equation of the line which passes through the point
(=2, 4, =5) and parallel to the line given
x+3 y-4 z+8

by 3 5 6 Answer
It is given that the line passes through the point (=2, 4, —5) and is parallel to

x+3 y-4 =48
35 6
x+3 y-4 z+ 8
The direction ratios of the line, 3 B 5 B 6 ,are 3, 5, and 6.
x+3 y-4 z+8
The required line is parallel to 3 ) 5 B 6 Therefore,

its direction ratios are 3k, 5k, and 6k, where k # 0
It is known that the equation of the line through the point (x1, y1, z1) and with direction
X=X,

ratios, a, b, ¢, is given by ¢ b ¢
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Therefore the equation of the required line is

x+2 y=4 z+5
3k Sk 6k

X+2 y-=4 z+45
6

.
n

o

The Cartesian equation of a line is 3 7 . Write its vector

form. Answer
The Cartesian equation of the line is

x=3 _y+4 z=6

3 7 2 =4
The given line passes through the point (5, —4, 6). The position vector of this point is
G=5i—4j+6k

Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, ? =3/ +7j+2k

It is known that the line through position vector @ and in the direction of the vector b is

given by the equation, r=atib,AeR

S :"5_,’_4.;'-6/;)+,i{.3f+7_}+21\7)

This is the required equation of the given line in vector form.

Find the vector and the Cartesian equations of the lines that pass through the origin
and (5, -2, 3).
Answer

The required line passes through the origin. Therefore, its position vector is given by,
i=0 (1)

The direction ratios of the line through origin and (5, -2, 3)
are(5-0)=5,(-2-0)=-2,(3-0)=3
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The line is parallel to the vector given by the equation, ? =3/ — 2j+3k

The equation of the line in vector form through a point with position vector d and parallel

o his, ,‘-:,j,+}J5, AER
s ialiihugd)
7_},’:/2(5[.—2;'*‘31:)

The equation of the line through the point (x1, y1, z1) and direction ratios a, b, c is given
= P T

by, ¢ b ¢

Therefore, the equation of the required line in the Cartesian form is

x~0_y=0 z-0

5 -2 3

Find the vector and the Cartesian equations of the line that passes through the points
(31 _21 _5)1 (31 _21 6)
Answer

Let the line passing through the points, P (3, =2, —5) and Q (3, -2, 6), be
PQ. Since PQ passes through P (3, —2, =5), its position vector is given by,

The direction ratios of PQ are given by, (3
-3)=0,(-2+2)=0,(6+5) =11
The equation of the vector in the direction of PQ is

b=0i-0j+11k=11k

The equation of PQ in vector form is given by, F=a+aib, AeR

=7 =(37-2]-5k)+112k

The equation of PQ in Cartesian form is
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Question 10:

Find the angle between the following pairs of lines:

r=2i—57+k+A(3{—2j+6k)and
(i), / J+ (f J )an

r= 71:—6/€+‘11(1’+2}'+2I:’)

r= 3,’.-.]‘—21«?+/{(’7‘]'2k“)and

(ii)
P =20 j—56k+u(3i -5]-4k)

Answer

(i) Let Q be the angle between the given lines.

b, -b,
cosQ= .?l_,__f.-

i
The angle between the given pairs of lines is given by,

=30 427+ 6k 4ng

o

The given lines are parallel to the vectors,
1 . Sia 9 % . .
by=i+2j+2k respectively.

l&"\h—ﬁ:';

B.|= (1) +(2) +(2)" =3
by-by = (31 +2]+6k)-(i +2]+2k)
=3x1+2x2+6x2
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:>cosQ=£
7x3

(19
= (=cos’ | —
¢ (ZIJ

(ii) The given lines are parallel to the vectors, b =i-j-2k and

b, =31 =574k respectively.

w|B] =y +(=1) +(-2) =6

‘ﬁri:v{(z):+(—5):+(_4): ~‘/;6__“\[.-;
”n'l’:2(;—;'—21;)-(35_5;_4/(',
=1:3-1(-5)-2(~4)

=34+5+8
=16
L()S() = “:l"‘"‘,z.:'
15,116,
16 16 16
= cos{ =~ = —pm =
V6-5v2  J2.Y3.502 1043
8
20080 = —=
V3

Question 11:
Find the angle between the following pairs of lines:

-

x=2: y=1_:z+43 x4+2 _y=4. z=J

= — an =

i 2 5 -3 -1 8 4
) .z o )=2 73
T O L
Gy 2 2 1 4 | 8

i Answer
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ii. Let b and b, be the vectors parallel to the pair of lines,

X2 =l zet3 Xx+2 y=4 z=3J
== — and == ——
2 3 -3 -1 8 4

, respectively.
S B =21+55-3k jq b =—118/+4/\

T:1/”_ =\/(-1) +(8) +(4) =/81=9
by by =(2i+3 u)( 1+X144l<)
=2( —I)+3x8+(—g)-4
-24+40~12

=26

The angle, Q, between the given pair of lines is given by the relation,

cosQ = Lol

lh

26
943

[ 2
:DQ:cos"'L—“():J

= cosQ =

[}
o0

X
(i) Let *"be the vectors parallel to the given pair of lines, 2

y z
2 1land

, respectively.
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h=24+2j+k
b, =4i + ] +8k

fiﬂfﬁﬁf+uf&urév61x

|~V AT =BT =9
Byby=(204+2]+k)- (40 + ] +8k)

=2x4+42x1+1x8

=8+2+8
=18
b, b,
cosQ= i)
il
If Q is the angle between the given pair of lines, then :
18 2
=c0sQ=—-==
3x9 3
(2
= Q=cos | —
3
Question 12:
l=x 7y-14 z-3
, L& Ty 2
Find the values of p so the line and
F=k%; _ p=%; 0=z
3p | 5 areat right angles.

Answer

The given equations can be written in the standard form as

x={ g9=3 =3 x—1 _ p=2 -0
B 20 3 -3p 1 -5
7 and 7
2 5
2p =3P 4 _s
The direction ratios of the lines are -3, 7, 2 and 7 respectively.

Two lines with direction ratios, a1, b1, ¢c1 and a», by, ¢, are perpendicular to each

other, if aja + by bp + c1co =0
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-3p\ (2p ;
~(=3)| =L |+ ; (1)+2:(-5)=0

7 {
/ \

2 ,.2P _10
7 7
=1lp=70
70
diaeT
70

Thus, the value of p is I

Show that the lines 7 -5
other. Answer

The equations of the given lines are 7 =3

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.

Two lines with direction ratios, a1, b1, c1 and ap, bz, c2, are perpendicular to each

other, if aia + by bp + c1c2 =0
27X14+(-5)x2+1x3

=7-10+3
=0

Therefore, the given lines are perpendicular to each other.

Find the shortest distance between the lines
rlz(fa».?'}"f A)4 /(1 - 74 /EA)and

=20 f—k+pu(2i+ j+2k)




Class XII Chapter 11 - Three Dimensional Geometry

Maths

Answer

The equations of the given lines are

It is known that the shortest distance between the lines,

is given by,
" (/7] xb.j .)-(tjlz = (;:)
‘ ’bl % b, l

Comparing the given equations, we obtain

{ f k
b xb, =l -1 l
2 | 2

boxb, =(-2-1)i =(2-2) j+(1+2)k =-3i + 3k
=>|B xby|=\[(-3) +(3) =V9+9 =18 =32

Substituting all the values in equation (1), we obtain

=a, + b,
!
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(37 +3k)- (i -37 - 2k)

d -
V2
-3.1+3(-2)
=>d = e
W2
0
Dd= -
V2
. e
3 3xV2 32
oy o

(35

=
\/3 V2Xv2

Therefore, the shortest distance between the two linesis 2 units.

Question 15:
x+1 y+1l z+l
Find the shortest distance between thelines -~ — . — .+ and
x=3 . =3 21
v+ a 1+ Answer
x+l v+l =+l x=3 y=§ ==1
The given lines are 7 -6 I and | -2 |

It is known that the shortest distance between the two lines,

X=X ) i Z=Z X=X, V=V, Z2=2Z5
1 — = h <1 = | and 2 = b 2 — 2
a | € a3 & ‘2 is given by,

a, b, <
i b, X
dm— L B S . (1)
\/( be, —b. )- + ("r“: -, )- + ("|b_' —a.b, )h

Comparing the given equations, we obtain
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Xy =3, ¥a=3, 5=7
a,=1, b=-2¢,=I
X, = X, Y=V =5 |4 6 b
Then. g« b, ¢ =7 -6 I
a, b, o | [t -2 |
=4(—6+2)-6(7-1)+8(-14+6)
= -16-36-64

=—116

= J(Be: =b.6;) + (e =, ) +(apy =) = J(~6+2) +(147) +(-14+6)°

JI6+36464

—

viie

"

=‘7"N)

Substituting all the values in equation (1), we obtain

-116 =58 -2x29

===
T Y o

=-2J29

Since distance is always non-negative, the distance between the given lines

is 2V29 units.

Question 16:

Find the shortest distance between the lines whose vector equations are
)3=(i+2,i+3/€)+4(f—3j+2£)

and r =4f+5,}‘+6l§+;1(2f+3}'+k~)

Answer

r:1-2/+3/\+/(l—3[—2/\)

The given lines are and

F=5!+ftl),a

It is known that the shortest distance between the lines, nd

is given by,

f—47—5,}—:—6/54—;1‘2[—3;-/;)

r=a,+ b,

I
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i |(/7] x/)': )(u - c;:)
' ’bl "b:

(1)
|

Comparing the given equations with = @ T 40 ang ¥ =ds + b, \ye optain

a, =f+2;+3/;
i;l :1:—3;%2/(-
ay =40 +5]+6k
I;: ::;+3.;+l‘

ay—a = (47 + 5] +6k) (7 +2]+3K) =37 #3743k

i ] k
b xb, =l 3 2=(-3-6)i-(1-4)+(3+6)k =-97 +3]+ 9%

o

L

= b x b,| = \}( -9) +(3) +(9) =V81+9+81 =+171=3/19

(B %6, )- (a2 —a ) =(-97 +37+9k)-(3i +3j+3k)
“Ox3+3x3+9x3
=9

Substituting all the values in equation (1), we obtain

-
J

Therefore, the shortest distance between the two given lines is V I8nits.

Question 17:
Find the shortest distance between the lines whose vector equations are

r=(1-t)i+(t=2) j+(3-2¢)kand
r=(s+1)i+(25=1)] - (25 +1)k

Answer

The given lines are
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r=(1=1)i +(1=2)j +(3-2)k

::-:3:‘::—2}'03&)91(—1:4}'—21;) (1)

F=(s+1)i+(2s-1)j- (25 +1)k

'2>I'=(llﬂk)0\(l*:/—:’\' «(2)
It is known that the shortest distance between the lines, F=a+4b and r=a,+ b, ,
is given by,
[ix/—)., s ;:—(-;3
4|2 (e-a) 0
‘b]xb.,‘

For the given equations,
(-ll =I?—2j.'+3£'
by =i + -2k
(;: - l. -_; —lE
';_' 3; ' 2} 2“
ai-ai=(i-]-k)-(i-2}+3k) = j-4k

i j k
boxh. =|-1 | 2| =(-2+4)i =(2+2) j+(-2-1)k =27 -4/ -3k

| 2 2

= (B x by = \(2) +(—4) +(=3) =VA+16+9 =29
so(byxby ) (ar—an )= (27 4j-3k)-(F-4k)=—4+12=8

Substituting all the values in equation (3), we obtain

28,

Therefore, the shortest distance between the lines is

2]

units.
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In each of the following cases, determine the direction cosines of the normal to the
plane and the distance from the origin.

(a)z =2 (b) ¥HyFa=l

(C) 2.\'+3,l'“: ~5(d)5y + 8 —
0 Answer

(@) The equation of the planeisz=2o0orOx + 0y +z =2 ...
(1) The direction ratios of normal are 0, 0, and 1.

O+ 41 =1

Dividing both sides of equation (1) by 1, we obtain
Dx+0y+1z=2

This is of the form Ix + my + nz = d, where |, m, n are the direction cosines of normal
to the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from
the origin is 2 units.

b)yx+y+z=1..(1)

The direction ratios of normal are 1, 1, and 1.

—

Ld””(W*UdeS

=
Dividing both sides of equation (1) by V3 , We obtain

Lo | | )

f~
&

<
(5%
<
LI
<
(9}
<
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This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines

of normal to the plane and d is the distance of normal from the origin.

] | I
—=> and—=

V3 and the distance of

posd, ]

Therefore, the direction cosines of the normal are V3 \? .
]

normal from the origin is V-

(c)2x+3y—-z=5..(1)

The direction ratios of normal are 2, 3, and —1.

2 J(2) +BY + (1) =4

U]

units.

Dividing both sides of equation (1) by \/r"f, we obtain

2 .3 1
J14'

This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines

N

2y e
Jia® a4

of normal to the plane and d is the distance of normal from the origin.

2 3 -1
and
Therefore, the direction cosines of the normal to the plane are vi4 14 ‘/ﬁand
5
the distance of normal from the origin is V14 ynits.

(d)5y+8=0
>0x—-5y+0z=8..(1)

The direction ratios of normal are 0, =5, and 0.
2 JO+(=5) +0=5
Dividing both sides of equation (1) by 5, we obtain
8
) 4 s
5




Class XII Chapter 11 — Three Dimensional Geometry Maths

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the
8

distance of normal from the origin is 3 units.

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the

vector 3 +57 =6k aLcwer
The normal vector is, " = 37 +5] -6k
,‘,;’_5: , 3i +5) - 6k :3f+.7‘}'—()/;7
z J(3) +(5) +(6) J70

It is known that the equation of the plane with position vector ’ is given by, r-n=d

o [3i+5]-6k)_
\ 70

/

This is the vector equation of the required plane.

Find the Cartesian equation of the following planes:

f-‘(f+j'—A7'):3( Fe(20+3]-4k)=1

(@) b)

Fol(s=20)i +(3-1) j+(25 w)/é] =15
@ -
Answer

(a) It is given that equation of the plane is

Feo(i+i-k)=2 (1)

For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,

F=Xi+y—zk
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Substituting the value of » in equation (1), we obtain
(.\'f + _\j}' - :A)(I i A) =72

= X4+ y—z=2

This is the Cartesian equation of the plane.

(b),t(2i+3j-4i)=| i)

For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,
F=xi+ 1/— -k

Substituting the value of Fin equation (1), we obtain

:.\'1? + _\_'}'4 :A)(21 | “41 - 4/&2):1

= 2x+3y—4z=1

This is the Cartesian equation of the plane.

“ Pl (s=20)i + (3-1)f+(25+1)k | =15 (1)

For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,
F=xi+ 1/— -k

Substituting the value of » in equation (1), we obtain

(.1-,’“;}'—_—12)-[(.»- ~26)i +(3-1) ;-+(2.-+,)1$]= 5

= (s—21)x+(3-1)y+(2s+1)z=15

This is the Cartesian equation of the given plane.

In the following cases, find the coordinates of the foot of the perpendicular drawn
from the origin.

(a) 2.\‘+3,|'+4:~l?_:0(b) Jv+4z-6=0
(C) .\'+>\.?Z = I (d) 5_\'+8 = 0
Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane
be (x1, y1, z1).
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2X+3y+4z-12=0
=>2x+ 3y+4z=12 .. (1)

The direction ratios of normal are 2, 3, and 4.

A2 +(3) +(4) =29

Dividing both sides of equation (1) by V29 , we obtain

12

2 3 4
x4+ Y Zi=
V29 J29° 29 J29
This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines

of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given

by (Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
[ 2 12 3 |2 4 12 "'i (24 36 48)

L329 V29 V29 V29 29 29 ) T 129749729

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, Y1, 21)-
30x+3y+4z=6 (1)

The direction ratios of the normal are 0, 3, and 4.
A0+ 4+ 4 =5
Dividing both sides of equation (1) by 5, we obtain

4 6

Ox+=y+—z==
TS B

| L
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This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given

by (Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

( 36 46). (18 24)
; e. T

)
o /]
[
N

(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, 21)-
x+y+z=1__ (1)

The direction ratios of the normal are 1, 1, and 1.
AP+ =43

Dividing both sides of equation (1) by \5 , we obtain

—y
—_—

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

(1 4 4 % 3 ) o ‘I 1 1‘

(a3 Y3 B3 33 373 3)

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, Y1, 21)-

5‘0xx—;5¢y+ 0z=8..(1)

The direction ratios of the normal are 0, —5, and 0.
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2 JO+(=5) +0=5
Dividing both sides of equation (1) by 5, we obtain

.'\' =

| oo

This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
{ /8
0, -1 =
\ \

, o\] ie. [0,-2,0)

>) b /

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is i+j—k .
(b) that passes through the point (1, 4, 6) and the normal vector to the plane is

;-3_}'+/\'

Answer

(@) The position vector of point (1, 0, =2) is a=i-2k

The normal vector N perpendicular to the plane is N=i+j-k

F-ad).N =0
The vector equation of the plane is given by, (, )

P.‘_ 7_')f— Ay p)
2[! (I -A)J[.(H-/ A)—() (1)
Fis the position vector of any point P (X, y, z) in the plane.
A= .\'i.+.r/.'+:/\:

Therefore, equation (1) becomes
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I:(\IA+1/*:/£)‘([—2A)}(IAF }'—ll:)z()
:>[|:(,\'~I)I:+,\_';'+(:+2)A:J.(f¢_}'-A:'}:()

= (x=1)+y—(z+2)=0

=>x+y—z-3=0

= x+y-z=3

This is the Cartesian equation of the required plane.
(b) The position vector of the point (1, 4, 6) is a=i+4j+6k

The normal vector N perpendicular to the plane is N=i-2j+k

The vector equation of the plane is given by, (" -a).N=0

:[:’—(f+4_}'+6/€)],(f—2_;‘+l;)=() (1)

I is the position vector of any point P (x, y, z) in the plane.
LE=xi 49+ k

Therefore, equation (1) becomes
[l\;+1;+:k)—(r+4;+6k)](1—2/+A) =0

= [(x=1)i+(y=4)j+(z=6)k |-(i-2j+£)=0
=(x-1)-2(y-4)+(z-6)=0

= x—-2y+z+1=0

This is the Cartesian equation of the required plane.

Find the equations of the planes that passes through three points.

(a) (11 1/ _l)r (61 4/ _5)1 (_41 _21 3)

(b) (11 1! O)I (1I 21 1)1 (_21 21
—1) Answer

(a) The given pointsare A (1, 1, —-1), B (6, 4, =5), and C (-4, -2, 3).




Class XII Chapter 11 — Three Dimensional Geometry Maths

6 + -5/=(12-10)—-(18-20)—-(-12+16)
—4 -2 3

=2+2-4

=0

Since A, B, C are collinear points, there will be infinite humber of planes passing
through the given points.

(b) The given pointsare A(1,1,0),B (1,2, 1),and C (-2, 2, —-1).
1
|

=9

f—

0 |

| [=(-2-2)-(2+2)=—-8%0

[N S
|

Therefore, a plane will pass through the points A, B, and C.

X2 PinZid ol X5 V5220
It is known that the equation of the plane through the points, ( k2l '-) ( 202022 ) , and

(%3, 5.2 ), is

=% ¥— ¥ 2 —%|=0

|65 =% =W 252
x—1 y-1 =z

=| 0 11 (=0
S

= (=2)(x-1)=3(y=1)+32=0
= —2x-3yv+3z+2+3=0
=>=2x-3y+32=-5

=>2x+3y-3z=35

This is the Cartesian equation of the required plane.

2x L )
Find the intercepts cut off by the plane<* TV =% =2

Answer

2x+y—z=5 (1)
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Dividing both sides of equation (1) by 5, we obtain

=1

g
|-
W |

t

+

=
+
'YJI

J
(3 ’J\|‘f.

P LY
It is known that the equation of a plane in intercept form is ¢ b ¢ , where a, b,
c are the intercepts cut off by the plane at x, y, and z axes respectively.
Therefore, for the given equation,

a=—,b=5and ¢=-5

(R RS )

>

—.5.,and -5
Thus, the intercepts cut off by the plane are 2

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX
plane. Answer

The equation of the plane ZOX
isy=0
Any plane parallel to it is of the form, y = a

Since3the y-intercept of the plane is 3,
sa=

Thus, the equation of the required planeisy = 3

Find the equation of the plane through the intersection of the planes

—y+2z-4=05,4 ¥+ y+2-2=04,4 the point (2, 2, 1)

Answer
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The equation of any plane through the intersection of the
planes, 3x —y+2z—-—4=0andx+y+z-2=0,is

(Bx—y+2-—d)+a(x+y+:-2)=0. where ¢ € R (1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

S(3x2-2+2x1-4)+a(2+2+1-2)=0

= 2+3a=0

w19

-

a=——
Substituting 3in equation (1), we obtain

5
(3x—y+2z—4)——(x+y+2-2)=0

2
= 3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x=3y+62-12)-2(x+y+2-2)=0
= Tx-5r+4z-8=0

This is the required equation of the plane.

Find the vector equation of the plane passing through the intersection of the planes

,:4(2f+2_}'—3/€")=7. F(2i+5]+3k)=9
/ ‘ and through the point (2, 1, 3)

Answer

F(20+2j-3k)="7and 7 (20 +5]+3k) =9
The equations of the planes are * . '

:>;-'-(3i+2,;'-3£)-7=0 (1)

Fo(2i+57+3k)-9=0 .(2)

The equation of any plane through the intersection of the planes given in equations
(1) and (2) is given by,

_,—-.l:i+2‘}'—3/2)-7]+szF-('zi+5,}'+3’3)—"}=", where A€ R
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,':.[(2f+2._}‘—347)+z(2i+5._'+3/€)]:9;~+7

Fo[(2422)i +(2+54) J+(34-3)k |=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=2i+2]j+3k

Substituting in equation (3), we obtain

(2f+]~3A3').[(:+3/:)ff(2+5,i) }'+(3/:»3)/G]=9,«:+7

= (2+24)+(2+54)+(34-3)=94+7

= 184-3=94+7

=94A=10
0
— A :I—'
9
.10
A=—
Substituting 9 in equation (3), we obtain
,_(38: 68',,3‘\ -
- —1+—_/+—A-J=l/
\ 9 9

:>i"-(38f+68_i+3/$)r 153

This is the vector equation of the required plane.

Find the equation of the plane through the line of intersection of the planes
¥, N 2y ? i — C— - T =
¥ty+z=l,,q 2X+3y+42=5 i i perpendicular to the plane * ~ Y77 0
Answer
The equation of the plane through the intersection of the planes,
¥ feae T = 2y 7 B = .
x+y+z=1, 4 2x+3y+4z=: is
(x+y+=-1)+A(2x+3y+4--5)=0
= (2241)x+(32+1) y+(42+1)z—(54+1)=0 (1)
The direction ratios, a1, b1, ci1, of this plane are (2A + 1), (3A + 1), and (4A +

1). The plane in equation (1) is perpendicular to X=y+z=0
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Its direction ratios, ap, by, c3, are 1, —1, and 1.
Since the planes are perpendicular,
aa, +bb, +cc, =0
=2 (24+1)=(34+1)+(44A+1)=0
>34+1=0
|

=54 =

. 1
A=

Substituting in equation (1), we obtain
1 | 2
3

x——z+—=0

3 3
=>x—z+2=0

This is the required equation of the plane.

Find the angle between the planes whose vector equations are

/“(2:’+2_}‘—3I€)=5 r--(3i—3,;-+5,é)=3_

and

Answer

Fo(2042]-3k)=5

=d,

The equations of the given planes are

It is known that if ""and " are normal to the planes, rem and

the angle between them, Q, is given by,

cos(Q = 'T"'j‘ (1)
'”1“”:] ‘
Here, i = 2i +2j~3k and 7, =3i -3/ + 5k

sodiy By = (20 +2] -3k ) (30 =37 +5k) =2.3+2.(-3) +(-3).5=-15

i =2 +(2) +(-3)' =17
i =3 +(=3) +(5) =3

Fo3i-37+5k)=3

Fey=d, , then
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i+, | |and
I

Substituting the value of "l in equation (1), we obtain

—15

15

NET

cos( =

= cosQ =

In the following cases, determine whether the given planes are parallel or
perpendicular, and in case they are neither, find the angles between them.

(a) Tx+5y+62+30=0and 3x—y—10z+4=0

(b) 2x+y+3z=2=0and x-2y+35=0
() 2x=2y+4z+5=0and 3x-3y+6z-1=0
(d) 2x—y+3z—-1=0and 2x—y+32+3=0

(@ Hr+8y+z-8=0and y+z-4=0

Answer

L:ax+by+cz=0

The direction ratios of normal to the plane, , are a1, by, c1 and

L,:ax+b,y+c;z=0are a,, b,, c,

i e N
1101452

a: By iy

L LL.if aa, +bb,+cec,=0

The angle between L1 and Ly is given by,

aa, +bb, +cc,

O =cos’

\x a +bl +ef Jas +b; +c

(@) The equations of the planes are 7x + 5y + 6z + 30 = 0
and3x -y —-10z+4=0

Here, a1 =7,b1 =5,c1 =6
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a,=3,b,=-1,c,=—10

a, +bb, +cc, = 7.><3+5x(_—|)+()x(—l0) =—44 %0

Therefore, the given planes are not perpendicular.

a T b 3 ) 6 -3
—:—‘——:—-:—D‘—~=—‘_—T
a 37°b; -l ¢: 10 5

?.i_;e!?‘,,;g‘f_‘-

It can be seen that, “ b, ¢

Therefore, the given planes are not parallel.

The angle between them is given by,

Tx345x(=1)+6x(~10)

O =cos ) = - - = - : =
7Y +(5) +(6) x(3) +(~1)" +(-10)
o 21-5-60
=CO0§ e
\"I I” x \ll l‘)
, 44
=08 —
110
) 2
=Co0s —
5
(b) The equations of the planes are 2¥+V+3z—=2=0gng x=2y+5=0
Here @ =2,b=1L¢ =34 a=Lb=-2¢=0

Laay +bb,+eey =2x1+1x(=2)+3x0=0

Thus, the given planes are perpendicular to each other.

Ty _dvitdsdt §=
(c) The equations of the given planes are 2x=2y+4z+5=0

=2, b—2;¢=4

and

d

Here, ! and

a, = 3. h__ = 3_ (o =06 (I|(I: +l",1: +l'l\‘: - :' }‘(—:)(—3)"4 = b+()‘24 - 3(\ 20

Thus, the given planes are not perpendicular to each other.

3x=3y+6z-1=0
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a_b _q

Sy by 6

Thus, the given planes are parallel to each other.

Oy —ytdz—1= PRI S
(d) The equations of the planes are - ~¥T32=1=0 5,4 2x=y+3243=0
Here, @ = 2,b==l¢,=3 and @ =2, by=~1, c;=3

‘-"7—2—‘ b =—=land - =E—l

ud_n:f’_x_ g -l Gy 3

.a, b o

Thus, the given lines are parallel to each other.

() The equations of the given planes are #¥ +8)+2=8=0,.,

y+z-4=0 a,=4.b,=8.c,=la a,=0,b=1¢;=1

Here, nd

a, +bb, +ee, =4x04+8x1+1=920

Therefore, the given lines are not perpendicular to each other.

a, 4 ,’| b y: 0% |
—_—=— —=—=8 —=-=]
w, 0 h'. | ¢, |

a b ¢
ok
# -3,

a b, ¢

Therefore, the given lines are not parallel to each other.

The angle between the planes is given by,

= A0 — | = apa!
O =cos =C0S |—=|=C0S \

J:@" + 8 17 x \/(-‘); +174+1° 9% N2 \ \;43 J

4x0+8x1+1x1 9 { I]
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In the following cases, find the distance of each of the given points from
the corresponding given plane.

Point Plane

(a) (0, 0, 0) X —4y+12z=3

(b) (3, -2, 1) 2x—y+2z+3=0

(c) (2,3, —=5) ¥+2y—2z=9

(d) (-6, 0, 0

X — 3‘ +6z2-2=0 Answer

It is known that the distance between a point, p(x1, y1, z1), and a plane, Ax + By + Cz =

D, is given by,

Ax + By, +Cz, - Dl
\/.4: + B +(C? ’

e (1)

(a) The given point is (0, 0, 0) and the plane is 3x—4y+12z=3

|
C13%0-4x0+12x0-3] 3 3

ted

—

— \/(3)2+(—4):+(|2‘): 169 13

(b) The given point is (3, - 2, 1) and the plane is ¥ ~»*27+3=0

2><3-(—2)+2xl+3§_ 13

13
- - —f gl # S

-

.-.‘/:|

(¢) The given pointis (2, 3, —5) and the plane is X+2y-2z=9

2+2%3-2(=5)-9
2ade " —

J @y +(2r |

-
=J

w | o

(d) The given pointis (-6, 0, 0) and the plane is 2x=3y+6z-2=0
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-

2(~6)-3x0+6x0-2 =14 14
2)

G

)" +(6) | V491 T
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Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the
line determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OAare 2, 1,and 1 andof BCare (4 - 3) =1, (3 —-5) = -2,
and(-1+1)=0

OA is perpendicular to BC, if ajaz + biby + c1c2 =0
sajaz+biby+cica=2x1+1(-2)+1x0=2-2=0

Thus, OA is perpendicular to BC.

If 11, m1, n1 and I2, m3, ny are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these are
min2 — m2ni, nilp — n2ly, l1m2 — Iomy.

Answer

It is given that I, m1, n1 and I3, m, ny are the direction cosines of two
mutually perpendicular lines. Therefore,

ILL,+mm,+nn, =0 (1)
I7+m; + w =1 .A2)
I +m; + u; I . A3)

Let I, m, n be the direction cosines of the line which is perpendicular to the line
with direction cosines |1, m1, n1 and I3, m>, no.
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M+ mmy +nn = 0
I +mm,+m, =0

/ m n

Cm,—mn, nl, -, = lLim, —lim,
& B m’ B n
(mny—mm) (mdy=md) (hms—Lm,)
I 3 m’ N n
(mpn,=mn) (mdy=md))  (hm,=Lm.)
Fam +m

= (4)

- (mn, —mom )+ (ndy—ml,) +(lm,—Lm,)

3

I,_.m, n are the direction cosines of the line.
AP +mi+ni=1..(5)

It is known that,

3

(77 40 407 ) (2 s 413 ) = (1, + s, + mn, )

A ~

=(mn, —m.n, )" +(ml,—n,d ) +(lms—Lm,)
From (1), (2).and(3), we obtain

=(mgty—mom ) +(mdy =) +(Limy = Lomy ) =1 ..(6)

Substituting the values from equations (5) and (6) in equation (4), we obtain
I’ . m’ B n
(mn, =m,n, ): (nd, =n,, )Y (m, - l,m, )

= I=mn, ~mun.m=nl. ~nl . n=I{m, ~Il.m,

=1

. . . ) . mar, =m.n,, nl.=nd and!m, - L,m,,
Thus, the direction cosines of the required line are y 2ys Al wandiym, = L,m,
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Find the angle between the lines whose direction ratios area, b, cand b —
c,c—a,a-—b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, ¢ —
a, a — b, is given by,

a(b—c)+b(c—a)+c(a—h) ‘

S+ fip-e) +(e—a) +(at] |

= cosQ=0

cos () :’

= =cos ' 0
— 0 =90°

Thus, the angle between the lines is 90°.

Find the equation of a line parallel to x-axis and passing through the
origin. Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
aeR.

Direction ratios of OAare(a—-0) =4a, 0,0
The equation of OA is given by,
x~0_y—=0 z=0

Thus, the equation of line parallel to x-axis and passing through origin is
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If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, —6) and (2,
9, 2) respectively, then find the angle between the lines AB and CD.
Answer
The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (-4, 3, —6),
and (2, 9, 2) respectively.
The direction ratios of ABare (4 - 1)=3,(56-2)=3,and (7 -3) =4
The direction ratios of CD are (2 —(—4)) =6,(9 - 3) =6, and (2 —(-6)) =8
a b ¢ _

It can be seen that, b, ¢

1
2
Therefore, AB is parallel to CD.

Thus, the angle between AB and CD is either 0° or 180°.

x—={ =2 =3 x=1 p—I =z-6
If the lines —3 B 2k B 2 and 3k B ' B =5 are perpendicular, find the
value of k.
Answer
x=1 y=2 2-3 =l y=1 z-6
The direction of ratios of the lines, -3 2 2 and 3k 1 S ,are -3,

2k, 2 and 3k, 1, =5 respectively.
It is known that two lines with direction ratios, a1, b1, c1 and a, by, c2,
are perpendicular, if ajaz + bib + c1c2 =0
3(3k)+ 2k x1+2(-5)=0
= -9k +2k-10=0
= 7k=-10
_-10
-

=k
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10
k=——
Therefore, for 7 , the given lines are perpendicular to each other.

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the

| r‘~(i+2_}'—5/€)+9 )
plane

Answer

i

_ a3 af
The position vector of the point (1, 2, 3)is’t ~ ' "=/ +3k

1:'(;+2_/"—5/\:)—:9:0

The direction ratios of the normal to the plane, ,arel, 2, and -5

and the normal vector is V =1 +2/ -3k

The equation of a line passing through a point and perpendicular to the given plane is

given by, | =7 +AN, A€R

=1 =(i+2j+3k)+ (i +2]-5k)

Find the equation of the plane passing through (a, b, ¢) and parallel to the plane

Fo(i+]+k)=2

Answer

Any plane parallel to the plane, , is of the form

r(/+/+A)=) (1)

The plane passes through the point (a, b, c¢). Therefore, the position vector r of this

pointis © ~ 4+ bj +ck Therefore,
equation (1) becomes
(‘ulf~/?;'—(‘/x:)~(l?+‘}'+/;):/l

=S a+b+c=2A4
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Substituting A=a+b+cin equation (1), we obtain
r'~(l?+_;'+/\")=u+h+c wl2)

This is the vector equation of the required plane.

-

Substituting © = X+ + 2k

in equation (2), we obtain
(.\'f -0-,\3}'+:A:)-(i 4 j’+l€):a+b te

= x+y+z=a+b+c

Question 9:

F = 65+2_}'+2/€+/:(f—3_}'+312)
Find the shortest distance between lines

F =4l —k+u(3i-2j-2k)
and . Answer

The given lines are

F=6i+2]+2k+A(i-2]+2k) (1)
Fo=—d4i —k+pu(3 -2/ -2k) (2)
It is known that the shortest distance between two lines, r=a+4ab and Rl '{bf ,
is given by
(I;l XI;? )'(‘2\ —‘7:)
d =" -(3)
1B, xb,

=a,+Ab, and 7 =, + b

Comparing £ “to equations (1) and (2), we obtain
a =06i+2)+ 2%
b=i-2j+2k

G, =-4i -k
b, =3i-2j-2k

=, -, =4 —k)—=(67 +2j+2k)=-10i -2 -3k
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i i k
2 :(4+4)f—(—2—(_i)j+(—2+(»)/§=8f+8j+4l\:

)
3 -2 Zi

w| Bx b= J(8) +(8) +(4) =12

(8% b,)-(a@ ~a)=(8i +8] +4k)-(~10i -2/ - 3k) =-80-16-12=-108

Substituting all the values in equation (1), we obtain

—108
12

L

d= =9

Therefore, the shortest distance between the two given lines is 9 units.

Find the coordinates of the point where the line through (5, 1, 6)
and (3, 4, 1) crosses the YZ-plane

Answer
It is known that the equation of the line passing through the points, (x1, y1, z1) and (x2,

X=X; Y=Y _ Z=Z

— X Vo= =y T

y2, 22), is 2
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

=3 __y—1_z=6
3-5 4-1 1-6
"EzL‘l=:_'9=k(su_\:’)
-2 3 -5

=xX=5-2k, y=3k+1,2=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —=5k).

The equation of YZ-plane isx = 0

Since the line passes through YZ-
plane, 5 — 2k =0

— =

oW
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I
:>3k+-lz?><"+l=l7
2 2
e 5 -13
6—-5k=6-5x—=
2 2
( -13°
s 212
27 2

Find the coordinates of the point where the line through (5, 1, 6)

and (3, 4, 1) crosses the ZX — plane.

Answer

It is known that the equation of the line passing through the points, (x1, y1, z1) and (x2,

X=X Y=Y  z=Z

=& M=)y S F

y2, 22), is
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

x=35 _y-1_:z=6
3-5 4-1 1-6

-,_5 -_l YA ( \
o -3=k(su_\-')
-5 3 -5

=>x=5-2k, y=3k+1,z2=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

k+1=0
-:.-/\':v1
3
& e
§-2k=5 3‘ 5 5.
3) 3
6-5k=6-3 l'.:)
(17 23"
—.0,
3 3

Therefore, the required point is*
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Find the coordinates of the point where the line through (3, —4, —5) and (2, — 3,
1) crosses the plane 2x +y + z = 7).

Answer
It is known that the equation of the line through the points, (x1, y1, z1) and (x2, Y2, z2), is

L=h Y=y F3—%

Since the line passes through the points, (3, —4, —5) and (2, —3, 1), its equation
is given by,

x-3 y+4 z+5
2-3 -3+4 145
~3 45
—_'\'\ 'f=-"lr‘4='—"=k(say)
—1 ] 6
=>x=3-k, y=k-4, z=6k-5

Therefore, any point on the line is of the form (3 — k, k — 4, 6k —

5). This point lies on the plane, 2x + y +z =7
223 -k +(k—4)+ (6k—5) =7

= 5k-3=7

= k=2

Hence, the coordinates of the required pointare (3 - 2,2 —-4,6 x 2 - 5)
i.e., (1, =2, 7).

Find the equation of the plane passing through the point (=1, 3, 2) and perpendicular
to each of the planes x + 2y + 3z =5and 3x + 3y + z = 0.

Answer

The equation of the plane passing through the point (-1, 3, 2)
isa(x+1)+b(y—-3)+c(z-2)=0..(1)

where, a, b, c are the direction ratios of normal to the plane.
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1x+byv+ez+d =0, ,q @¥+ b.y+c.z+d.=0

It is known that two planes, , are

perpendicular, if %% *hb: +ec. =0

Plane (1) is perpendicular to the plane, x + 2y + 3z =5

S l+b24¢.3=0

=a+2b+3c=0 =(2)

Also, plane (1) is perpendicular to the plane, 3x + 3y +z =0
L@ 34b-34c-1=0

=3a+3b+c=0 s{3)

From equations (2) and (3), we obtain

=a=~Tk, b=8k, c=-3k

Substituting the values of a, b, and c in equation (1), we obtain
~Th(x+1)+8k(y~-3)-3k(z-2)=0

= (-7x-7)+(8y—-24)-32+6=0

= ~Tx+8y-32z-25=0

= Tx-8y+3z+425=0

This is the required equation of the plane.

If the points (1, 1, p) and (-3, 0, 1) be equidistant from the plane
Fe(3+4)-12k)+13=0

X , then find the value of p.
Answer

The position vector through the point (1, 1, p) is RELA pk
Similarly, the position vector through the point (-3, 0, 1) is

a, =—4i +k
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_ _ P30 +4j-12k)+13=0
The equation of the given plane is \ !

It is known that the perpendicular distance between a point whose position vector is

G- N -d
l):_‘—

F-N=d, is given by, ‘NI

@ and the plane,
Here, N=3i +4./.— 12k and d= -13
Therefore, the distance between the point (1, 1, p) and the given plane is

Mi+}+,%)(3}+4]-12£)+|ﬂ

D= a . -
3i+4j—|2q

3+4-12 3
D = 3+4-1 p+l»|’

\/3"+43+(—12)'

|20-12p|
= D =— el
=D, 5 (1)

Similarly, the distance between the point (=3, 0, 1) and the given plane is

(<37 & )-(37 + 47 -12k) +13)

D, LA iy
hz+4;-134
-9—-12+13
= D= -
J3’+4j+(—12)'
:Q:% -(2)

It is given that the distance between the required plane and the points, (1, 1, p)

and (-3, 0, 1), is equal.
~D1=D2

:D[y)—llplz 8
13 13
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=20-12p=8 or —(20-12p) =8

=12p=12o0r 12p =28

Ll | =

= p=lor p=

Find the equation of the plane passing through the line of intersection of the planes

r--(f+]+/$):| Fo(2i+3j—k)+4=0

and and parallel to x-axis.
Answer

The given planes are
:’-(f-r}'-ﬂf):l

= Foli+j+k)-1=0
f-(2i+3.i—£')+4=o

The equation of any plane passing through the line of intersection of these planes is

[ /+;+A —II+/’[ {2f+3.;'—l“‘)+-l-’=

Fol(22+1)i +(32+1) j +(1-A)k | +(42+1)=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-
axis. The direction ratios of x-axis are 1, 0, and 0.

L(2A+1)+0(34+1)+0(1-2)=0

= 2A+1=0

: 1
A= ";
Substituting = in equation (1), we obtain
[ 1< 34]
= r——j+=k |+(-3)=0
! L 2_[+ 2k ( _’)
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Therefore, its Cartesian equationisy — 3z + 6 =0
This is the equation of the required plane.

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of
the plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratiosof OPare (1 - 0)=1,(2-0)=2,and (-3 -0)=-31t

is known that the equation of the plane passing through the point (x1, y1 z1) is

(x—=x )+b(v—=y )+el(z=2)=0
u( \') )('\ "') ¢l ') where, a, b, and c are the direction ratios of
normal. Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1,
2, —3). Thus, the equation of the required plane is

I(x—1)+2(¥=2)-3(z+3)=0

= x+2y—-3z-14=0

Find the equation of the plane which contains the line of intersection of the planes

Foi+2]+3k)-4=0 7-(2i+]-k)+5=0 o _
- , and which is perpendicular to the plane

l’-(5f7+3]'—6/€‘)+8 =0

Answer

The equations of the given planes are
Fo(i42]43k)-4=0 (1)
Fo(2i+j-k)+5=0 i(2)

The equation of the plane passing through the line intersection of the plane given
in equation (1) and equation (2) is

(7ol +2]+3k)=4 [+ 4| F-(27+ -k)+5] =0

/i-[(gm1)i+(/:+:),}+(3-/:_)A7}+(5/:-4):0 .(3)
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The plane in equation (3) is perpendicular to the plane,
522 +1)+3(A+2)-6(3-1)=0
=194-7=0
.7
=S A=—
19
-
A=—
Substituting 19 in equation (3), we obtain
.| 33, 45. 50~ |41
P b=tk | =—=0
19 19 19 19
= F+(33] +45]+ 50 )-41=0

This is the vector equation of the required plane.

Fe(5i+3]-6k)+8=0

(4)

The Cartesian equation of this plane can be obtained by substituting

-

=X+ 2K 0 equation (3).

(.\-i + ) 4 .-Ai).(ssh 457 + 50()41 =0

= 33x+45y+502—41=0

Find the distance of the point (=1, =5, —10) from the point of intersection of the line

,:2[‘—;+2A~+/:(31-+4;+2A-) _(;_'}+I;):5

!
"and the plane
Answer

The equation of the given line is
Fo=2i— j+2k+A(31+4] +2k) -1
The equation of the given plane is

,:_(,’_.}'_’_/;);5 ::(2)

Substituting the value of r from equation (1) in equation (2), we obtain
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(21— +2k+ A(3F +4j+2k) |-(i-+ k)=

=[(32+2)i +(42-1)j+(22+2)k |-(I-j+k)=5

= (324+2)-(44-1)+(24+2)=5

= A=0

Substituting this value in equation (1), we obtain the equation of the line as
F=2i—j+2k

This means that the position vector of the point of intersection of the line and the plane
o F=2i—j+2k

This shows that the point of intersection of the given line and plane is given by
the coordinates, (2, —1, 2). The pointis (-1, =5, —10).

The distance d between the points, (2, —1, 2) and (-1, =5, —10), is

2

d= \/(--1»42_)‘"' #(=5+1) +(=10-2)" =J9+16+144 =169 =13

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes
r= ;—}-Zl; =) F3i+j+k)=6
‘ ) and ‘ ) .

Answer

Let the required line be parallel to vector b given by,
b=bi+bh,j+bk

The position vector of the point (1, 2, 3) is ¢ =/ +2)+3k

The equation of line passing through (1, 2, 3) and parallel to b is given by,
F=da+Ab
= 7 (i +2j+3k )+ A(bi +b,j+ bk a{1)

The equations of the given planes are
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(i jaak
r'~( + ]+

Il
N
2

2)
6 -(3)

)
)

>,

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal

to the plane of equation (2) and the given line are perpendicular.

= (i —j+2k)-A(bi +b,j+bk)=0
_:'/.(/1‘ - lv: +2h.)=0

=>h—b,+2h=0 w(4)

Similarly, (37 + j+k)- A(bi +b j+bk)=0
= 2(3b, + b, +h)=0
=3h +b. +b,=0 ~(5)

From equations (4) and (5), we obtain
3 b b b,
(=1)x1-1x2 2x3-1x] 1x1-3(-1)
h b,

= ::

h Lu

L b
-2

Therefore, the direction ratios of b are —3, 5, and 4.

nb=hi+b,j+bk=-3+5]+4k

Substituting the value of b in equation (1), we obtain

F= (f+2_}+3/€)+z(—3f+5_}'+4/€)

This is the equation of the required line.

Find the vector equation of the line passing through the point (1, 2, — 4) and

x=-8 _y+19 z-10

x=15_ y=29 _

3 -16 7

and
perpendicular to the two
lines: Answer

Let the required line be parallel to the vector b given by,

b= bll: + [7_,.}'+ b;/\T
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The position vector of the point (1, 2, — 4) is @ = + 2/ =4k

The equation of the line passing through (1, 2, —4) and parallel to vector? is
F=ad+ib

= F(i+2] -4k )+ 2(bi +b,] +bk) (1)

The equations of the lines are

x=8 y+19 :2-10

= = o
3 -16 7 ( )
x=15 »p-=29 =z-5 i
TR TR -(3)
Line (1) and line (2) are perpendicular to each other.
53b —16b,+7h, =0 ...(4)
Also, line (1) and line (3) are perpendicular to each other.
2. 3b,+8b, —5b, =0 ~(3)
From equations (4) and (5), we obtain
hi o h) . h«
(-16)(-5)-8x7 7x3-3(-5) 3x8-3(-16)
b b b
—_— —= — ——
24 36 72
b _b _b

.-.Dir"ectio% rafios of b are 2, 3, and 6.

~bh=2i+3]+6k

Substituting b =2i+3]+6k in equation (1), we obtain
Fe(i+2]—ak)+ (20 +3] +6k)

This is the equation of the required line.
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Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the
1 I |

>

a b P

1
- (.'2
origin, then
Answer
The equation of a plane having intercepts a, b, c with x, y, and z axes respectively
is given by,

X ‘Y Z .

e R e | el
a b ¢ )

The distance (p) of the plane from the origin is given by,

0 0 0
+—+—=

a_ b ¢

Ty L+ ] K> = 4 gy 4+ 4 37 = 7.
Distance between the two planes: <*~ Sy+az=4,,4 dx+6y+82=12;

(A)2 units (B)4 units (C)8 units
2

—= units
0y ¥29

Answer

The equations of the planes are

2x+3y+4z=4 (1)
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dx+6y+8z=12
=2x+3y+4z= (2)
It can be seen that the given planes are parallel.

It is known that the distance between two parallel planes, ax + by + ¢z = d; and ax + by

+ cz = dp, is given by,

D= d,—d,
V"'(l: +h* +¢°
=> D=|— ﬁb—-{ -
V(2) +(3) +(4)
o)
D=—

2

Thus, the distance between the lines is \.@ units.

Hence, the correct answer is D.

The planes: 2x —y + 4z = 5 and 5x — 2.5y + 10z = 6 are
(A) Perpendicular (B) Parallel (C) intersect y-axis

\

( 5
0.0, —4—
(C) passes N £

through Answer

The equations of the planes
are2x —y+4z=5..(1)

5x — 2.5y + 10z =6 ...
(2) It can be seen that,
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a 2
a 5

B =1 2
by =25 5
¢ 4 2

Therefore, the given planes are parallel.
Hence, the correct answer is B.
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